Temptation, Guilt, and Finite Subjective State
Spaces®

Igor Kopylov
Institute for Mathematical Behavioral Sciences, and

Department of Economics, University of California, Irvine

Abstract

Building on the model of Dekel, Lipman and Rustichini (2001), we char-
acterize an additive utility representation with a unique finite subjective
state space. We describe the numbers of positive and negative subjective
states explicitly in terms of preference. As a special case, Gul-Pesendorfer’s
(2001) model of temptation and self-control is derived from weaker assump-
tions on behavior (we relax Set Betweenness). The main novel application is
a model of temptation and guilt that identifies separate psychological costs
of these emotions. In this model the preference for commitment is strength-
ened by the decision maker’s desire to reduce the cost of guilt.

1 Introduction

Kreps [14] derives a subjective state space from preference over menus. More
precisely, he characterizes a utility representation

U(A) = ZT@”S(‘EL (1)

sE8

where (i) each menu A is a set of consumption alternatives that become feasible ex
post, and (il) the finite state space S and the functions u,(:) are derived from the ex
ante ranking > of menus A. According to this model, the decision maker behaves
as if she is uncertain about her future taste », represented by the state-dependent
utility u,(-}. Unfortunately, the rankings >, are not determined uniquely by pref-
erence over menus. The indeterminacy of the subjective state space is a problem
not only for the interpretation, but also for potential applications of the model. In
particular, this indeterminacy precludes a formal analysis of common knowledge,

*This version is preliminary and incomplete.



common priors, and subjective attitudes towards uncertainty associated with the
space .

Kreps's model has another potential limitation: it requires that flexibility 38
always valuable in the sense that each menu A is weakly preferred to any smaller
menu B C A. Guland Pesendorfer [10] (henceforth GP) argue that this condition is
problematic when people are affected by temptations. Tor example, when planning
a lunch in the morning the decision maker may prefer a vegetarian dish (z) to
a hamburger (y), bub also anticipate that the latter will be tempting if the menu
{x,y} I8 Jvailable at the lunchtime. This temptation can be gufficiently strong
for her to succurnb and choose a hamburger ex post, which is an inferior decision
from the ex ante perspective. Even if the decision maker has enough self-control
to choose z from the menu {z,y}, the very presence of the temptation y can
be psychologically unpleasant. Therefore, she should prefer commitment {z} >
(,9). |

Motivated by these concerns about the interpretation and the behavioral con-
tent of Kreps's model, Dekel, Lipman and Rustichini {2] (henceforth DLR) chaz-
acterize the following additive utility represent&‘cioni

UA) = [ mepu@is) @

Here, (i) the elements z in menus A are lotteries—ob jective distributions over final
consumption, (i) the functions (-} have the expected utility form, and (i) pisa
signed measure that has full support io &. Moreover, the class of rankings =, that
are represented by the functions u,(-) 18 unique. In this sense, the subjective state
space is Jetermined uniquely by preference over menus. Clearly, the representation
(2) accornmodates preference for commitment because i call be negative over some
states in S. .

DLR’s model delivers no structure for the set S and the functions us()s except
the expected utility form for the |atter. In contras applications may be very
specific about the structure of S. For example, GP’s model of temptation asserts
that the state space S contains only two elements-—one positive and one negative.
The corresponding utility representation has the form '

() = meplale) +ole) o) = g~ mexo) —v@)

Here, u(-) represents the commitment ranking of altérnatives ¥ € X, and v(*)
reflects the expected temptation costs. More precisely, the decision maker antic-
ipates €x ante that if she selects © from a menu A ex post, then her temnptation
cost will be maXye alvly) — v(z)). In order o balance her commitment value and
temptation costs, she plans to choose T that maximizes maXseA w{z) + v(z} In

I
1DLR consider & non-additive representation as well. Dekel, Lipman, Rustichini, and Sarver
tal provide a corrigendum for DLR’s results.



other applications, which we discuss later, the state space S has more than two
elements, but is still finite.

The main objective of this paper is to characterize the representation (2) with
a finite number of components, and to describe this number explicitly in terms of
preference. Formally, we derive a utility function

P() NE)
UA) =y maxwi(®) — S maxv;(e) (4)
dm=1 =k

where the functions w; and v; are continuous, linear, and essentially unique. The
numbers P(>) and N (=) are determined roughly by the maximal flexibility, and
respectively by the maximal commitment, that the decision maker may desire. For
example, the utility representation (3) corresponds to the case P(x)=N(z)=1
This equality follows immediately from CP's axioms. We show that it can be
obtained even if one of these axioms (Set Betweenness) is replaced by a weaker
condition.

As an additional motivation for our results, we extend QP’s model and char-
acterize the following utility representation with S = 3:

U(4A) = max|(l -+ Gyulz) + v(z)] — xgggw(y) — G maxu(), .
5

= maxfu(s) - Iggg(v(y) — v(z)) — Gmax(ulz) ~ u(z))};

Here maxyealv(y) — v(z)) and G maXze alu(z) —u(z)) are interpreted as the costs
of temptation and guilt respective that are required for selecting  from the menu
A. This representation accommodates a strong preference for copmitment that
may result if temptation is followed by guilt.

Newcomb (1885) writes «The fact that the bepevolent gentleman may wish
there were no beggars, and may be very sorty to see them, does nob change the
economic effect of his readiness to give them money » In the words of Becker
(1997): “People do not want to encounter beggars, even though they may COn-
tribute handsomely after an encounter.” In this example, the decision maker has a
normative preference to contribute to beggars (z), but still avoids meeting them,
thus committing to give nothing (y). Therefore, her preference

(z} > {y} - {z.9}

violates the axioms in GP’s model.
The representation {(B}isa special case of “temptationwdriveﬂ” preferences stud-
ied by DLR [3]. Yet our approach has different primitives, axioms, and interpreta-
tion. The structure that Wwe impose on the components of (5) allows %0 distinguish
guilt from temptation.

Moreover, we relax the primitives that are used by both DLR and GF, and take
menus in an abstract convex metric space rather then in a simplex of probability



distributions. In particular, menus may consist of Anscombe-Aumann acts. Such
preferences have been recently used to study non-Bayesian updating (Epstein [6])
and time-varying pessimism (Epstein and Kopylov {7]). Despite the more general
framework, our construction of the subjective state space is arguably more explicit
and self-contained than in DLR. Each function w; and v; in the representation (4)
is derived via an explicit formula that links it to the underlying choice behavior.

2 Main Representation Result

Consider an abstract version of the decision framework used by DLR[2, 3] and
GP[10]. Let X be a convex subset of a linear space.” Endow X with a metric d
such that (i) X is compact, (ii) the mixture operation az + (1 — o)y that maps
[0,1] x X x X into X is continuous, (iii) the metric d is quasi-conver, that is, for
all @ € [0,1] and z,y,2',9 € X,

dlaz + (1 — )2, ey + (1 — a)y) < d(z,y) v d,y). (6)
For example, these conditions hold if
(1) X is a compact convex subset of a normed linear space;

(2) X = A(Z) is the class of all probability distributions on a compact metric set
Z, and d is Prohorov’s [19] metric of weak convergence; this setting is used by
GP and—for finite Z only—by DLR;

(3) X = H = (A(Z))" is the class of all Anscombe-Aumann acts f that map
a finite state space ) into A{Z), and d is a standard product of metrics in
A(Z)—this framework is used by Epstein [6] to model non-Bayesian updating;

4) X =H; ={af+(1~a)c : a€(0,1],ce€ A(Z)} CH is the class of all
mixtures of a given act f € H and constant acts ¢ € A(Z)—this domain is
essential for the model of time-varying pessimism in Epstein-Kopylov {7].

Formally, X may consist of deterministic commodity bundles rather than lotter-
ies or Anscombe~Aumann acts. However, the non-probabilistic specification may
be problematic for the separability condition (i.e. Independence Axiom) that is
imposed on choice behavior later.

Let A be the set of all menus—non-empty compact subsets A C X. Following
Kreps {14], interpret each menu A € A as 4 physical action that, if taken ex ante,
makes the set of alternatives A C X feasible ex post. The decision maker’s weak
preference over menus is given as a binary relation > on .A. The indifference ~
and strict preference = are respectively the symmetric and asymmetric parts of

*Fven more generally, one can define the convexity structure in X axiomatically and then
construct an embedding of X into some linear space. See Stone [21] or Mongin [16}.
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the relation =. Note that the decision maker’s ex post choice in & menu A is not
taken as a primitive of the model, but her anticipation of this choice is essential
for interpreting her ex ante behavior.

Following DLR and GP, adopt the following axioms.

Axiom 1 (Order). = is complete and transitive.

Axiom 2 (Continuity). For all menus A € A, the sets {B € A B = A} and
{Be A: B A} are closed in the Hausdorff metric topology.®

Order and Continuity are standard postulates of rationality.
Menus can be mixed in & natural way. For any A, B € Aand o€ 0,1, let

aA+(1wa)B={am+(1—a)y . x e A, y€ B}
Axiom 3 (Independence). For all a € [0,1] and menus A,B,C¢e A,
A-B = aA+(1wa)C>aB+(1~a)C.

To motivate this axiom, adapt the arguments of DLR and GP. Assume that
for any menus A and C, the decision maker is indifferent between the menu oA +
(1—a)C and 2 hypothetical lottery a o A+ {1—a)oC thatis resolved before
the ex post stage and yields the menus A or C with probebilities & and 1 —
respectively. (Here the preference = is extended to lotteries over menus.) Then
the ranking A > B should imply a0 A+(l—a)oC = aoB+ (1—a)oC because
the possibility of getting the menu C with probability 1 — o should not affect the
comparison of A and B. Thus Independence follows.

The appeal of this argument depends on the specification of X. If X consists
of deterministic consumption bundles, then the indifference between the mixture
@A+ (1~ @)C and the lottery oo A+ (1—a)oC seems arbitrary. (One encounters
o similar problem when motivating Independence in Herstein~Milnor’s abstract
mixture space setting.) On the other hand, if X consists of lotteries or Anscombe-
Aumann acts, then the indifference between oA+ (1—a)C and oA+ (1—a)ol can
be interpreted in terms of the timing of the resolution of the objective uncertainty.
In these frameworks, one can interpret the menu oA+ (1~ a)C as alottery which
yields the menus A and C with probabilities o and 1—a respectively but is resolved
after the ex post stage, that is, after the contingent choices are made in both menus
A and C. Thus Independence seems reasonable when elements and mixtures in X
have probabilistic nature.’®

3The definition and some properties of the Hausdorff metric are given in the appendix.

1Yt the space of menus A is not & mixture space in the sense of Herstein—Milnor (12} because
the property ¢A + (1—a)A= Acan be violated.

5gtil} there are situations where the timing of the resolution of objective uncertainty should
matter for choice behavior. For example, this timing can be important if (i) conternpiation is
costly for the agent (see Ergin-Sarver [9]), (ii) the decision rmaker’s belief depends on the menu at
hand {Epstein—Kopylov [7]), or (iif) the decision maker has a coarse (ie. incomplete) perception
of future contingencies (see Epstein-Marinacci-Seo {81}



To arrive at the preference -, the decision maker may first, rank elements in
X, and then evaluate each menu A via the best alternative z € A in this ment.
This two-step procedure motivates the principle of strategic rationality formulated
by Kreps (14]: tor all menus A and B

A-B = A~ AUB.

This condition, together with Axioms 1-3, 18 sufficient to represent > by a utility
function U that satisfies U(A) = maXseA U({z})-

However, the principle of strategic ratiopality call be violated by both a strict
preference for flexibility, such as AUB > Ay B,enda preference for commitment,
quch as A= AUB. Moreover, these two patterns of behavior may co-exist.

Given any family of menus As, . -+, An, 587 that Ay is positive, negative, O NEU-
tral in this family if LA > Ui Aiy U A < UsstrAis OF U A; ~ Uik i respectively.

Axiom 4 (Finiteness). For any sufficiently large ™ and any famnily of menus
Ay, .o An € A, there is a neutral member Ak i this family.

This axiom requires roughly that the decision maker has 2 bounded desire for
fexibility and for commitment. In applications, Finiteness is usually derived from
other assumptions rather than imposed directly. For example, it 18 implied by Set
Betweenness in GP’s model of temptation, which we discuss later.

Piniteness is necessary tor o broad class of models with a finite subjective state
space. Indeed, suppose that > can be represented by 2 utility function

U(A) = V (sup us(x), - -+ »SUP ug(z)) (7)
z&A €A

with arbitrary S 2 1 and arbitrary functions ty, .- WS ¥+ RandV: R® — R,
these functions need not be additive or even continuous. Take any 7 > S and
A, An € A Forany j <5, take i(f) € {1,...,n} such that

sup u;{z)= Sup u;(x)-
2&Ai(5) peb Ay

Asn> S, thereisk=n such that ko # i(j) for all 5 = 5. Then
. U{Uspns) = U (Ui A

that is, A 18 neither positive nor negative in the family Ay, -- , An. Thus, Finite-
ness follows from the representation (n. _

Let P(A1,- - ,Ay) be the number of positive, and N(A1,.-- ,Ayn) the number
of negative menus in a family Ai,...: 40 Finiteness implies that there exist finite
maxima

P(E——) ﬁma‘XP(Ala'--aAn)
N(z) = mex N(Ay, - > An)
S(r) = maxP(Az, - - An) N(As, .. Al



across all » > 1 and menus Ar,.. An €A To show this claim, take any menus
A, An € A and let 5 = P(A1y.. > An) + N(A;,...,An). Wiog each of the
m < n menus Ag, ... . Ag is either positive or negative in the family As, ... An
For any k € {1,...,5}, let

A}‘;:AkUAmHU---UAn. (8)
"Then there are no neutral menus in the family A%, ..., Ag because Up, A= U145
and Ugaedi = U;zed}. BY Finiteness, S cannot be arbitrarily large and hence,
achieves a finite maximum S (). A fortiori, P(>) and N(z) are also finite.

Say that a function X — Ris linear if w(az+(l—aly) = cu(z)+(1—e)uy)
for all @ € 0,1} and z,y € X. Say that a list of linear functions uy,...,Us is
redundant if it contains & constant function, or if wi() = ey () + { for some j # 4,
a>0and feR. In the latter case, the pair of functions u; and u; represents the
same ranking of X.

The following is our main representation result.

Theorem 2.1. The preference = satisfies Azioms 1—4 iff == is represented byf

s
U(A) = Z % aX Ui (=), (@)

where S > 0, 41,-- .78 € {=1 1}, and uy, .., Us X — R is a non-redundant list
of continuous linear functions.
The representation (9) is unique up 0 & permutation of the indices i's, and a
positive linear transformation of the functions w; 5.7
Moreover, S(r) =8, P(z) = Ty, and N(E)= 2, —%
1

By= =1

The representation (9) is an extension of the finite additive expected utility
representation, which DLR [3] define and characterize (Theorem 6) for menus in a
finite dimensional simplex of probability distributions.

Theorem 2.1 extends DLR’s results in several directions. First it relaxes the
primitives by taking menus in an abstract convex metric space. In particular, it
accommodates domains used by GP(10, 11}, Epstein |6, and Epstein-Kopylov {7}.
Of course, all applications of Theorem 2.1 that we formulate later are aiso valid
for each of these domains.

Second, there is a difference in axioms. Our version of Finiteness complies with
the general non-linear representation (7), while DLR’s counterpart holds only for
the additive model (4) and can be violated by (7). In this respect, our version is

———

6By convention, a sum over an empty index set is zero.

TMore precisely, if 2 is represented by (9) with another lst of components Aoy and
- then ’Y;r(i) = y; and u;(é)(i) = o{") + B for some & = 0,4 eR, anda permutation
# of the set {1,...,5}



weaker than the one used by DLR and is potentially more useful for non-linear
extensions of the model®

Third, our construction of the representation (9) is arguably more direct than
in DLR. Roughly it proceeds in three steps.

Step 1. Order, Continuity, and Independence imply by Herstein-Milnor’s 1121
Theorem that there is & linear and continuous utility representation U(") on the
mixture space of convex menus. These axioms also imply indifference between any
menu A and the closed convex hull of this menu (see Lemma A.3 in the appendix).
Thus the utility function U(-) can be extended to a linear representation U(:) on
the domain of all menus.

Step 2. Let 5 = S{»). Use (8) to construct & family of menus As, . A such
that each Af is either positive or pegative in this family. Let A" = U, AY and for
any 7, AL; = Ui Af. Wlog let U(A*) =0.

Step 8. Let v = Tory =11 A is positive of, respectively, pegative in the
family A%, ..., As: Take a small o > 0. For any ¥ e X, let

DAz, (afy) + (L= )AD)
&Y

This formula is based on the following intuition. Suppose that there is a represen-
tation (9) such that for any i € {1;.-- .5}, all elements that maximize u;(-) o8 A*
belong to Aj. Then a slight linear perturbation of AY in the anion A* = UiAf by
the element ¥ should affect the overall utility through changing the only compo-
gent maXeear WilZ): Thus one can compute u;(y) by observing the corresponding
change in utility and adjusting it by and ;.

This construction is self-contained and do not invoke the theory of topological
linear spaces but instead, provide an explicit formula for each function wz ().

Vet the main novelty of Theorem 2.1 is the assertion that the representation

(9) has S(x) components, among which P(>) are positive and N(z) are negative.

This distinction is based on the signs of the corresponding factors y; with ST

ioye=l
being the number of positive signs, and Y, —% the number of negative ones. it
fyi=—l :

follows that S(=) = P (=) + N(z), and the utility U(-) can be rewritten as

P(x) N(EZ)
U(A) = 2;1 mex wi(e) = ; max v;(e) (11)
with a non-redundant list wy, ... WPz Viy. -1 UN(D) of continuous and linear func-

tions.

D Y
B]¢ js an open uestion though what these extensions might be.



By restricting S(=), P(=), and N (), one can control the composition of the
equivalent representations (9) and (11). For example, one can assumne that in
sddition to Axioms 14, > satisfies Kreps’ monotonicity: for all menus ABeA

AcB = BrA

Then negative menus never exist, § = 8(x) = P(x), and the representation (9)
takes the form

5
U(4) = Exgﬁcuz(x)

The decision maker a5 portrayed by this representation is uncertain ex ante about
which of the utility functions 1, .., Us she will have ex post, and evaluates any
menu A by putting an equal weight (or probability) on the maximum of each of
these utilities in A. This interpretation has the standard degree of freedom because
the positive weights of the components maXzea w;(z) can vary freely as long as the
linear functions ug(+) are rescaled accordingly:

Next, Theorem 9.1 delivers the main representation result in GP’s model of
temptation. The central case of their model makes the foliowing assumptions
sbout the preference = in addition to Axioms 1-3.

Axiom 5 (Set Betweenness). For all menus A, B € A,
A=B = A= AUB= B.

Axiom 6 (Seif—Control). A AU B+ B for some menus A, B € A.

Set Betweenness implies that P}y £1 and N(=) £ L {The easy proof by
contradiction is left to the reader.) Conversely, Self-Control requires that Pzl
and N(=)z L. Thus, by Theorem 2.1, the preference v satisfles Axioms 1-3, Set
Betweenness, and Self-Control iff it can be represented by

uA) = @g}w(w) — maxov(z) = rgg}(u(m) +o(z)) — n;g«gv(m), (12)

where the functions and v are linear, continuous, and nob redundant. These
functions represent distinet commatment and temptation rankings on X.

In fact, Theoremnl 9.1 implies a tighter characterization for the representation
(12), where Set Betweenness 18 replaced by the following weaker condition.

Axiom 7 (Two»—States). For any menus Ay, Az, As € A, either ALY Ay Ag ~
A;UAQ, OTAlLJAgUAgNA;UAg, OTAlUAQUAgwAgUAg.

To motivate this axiom, assume that the decision maker’s evaluation of any
menu B 18 determined by her anticipated ex post choice z € B and greatest

temptation ¥ € B in this menu. Let B = AjU AU Ag. If needed, relabel the



menus A, Ag, Az so that T, Y e AUA;. Then the indifference B~ AjUA; ghould
hold as long a8 the decision maker’s expected choice = € B and temptation y € B
are unchanged when some of the other alternatives in B become unavailable.g
This motivation, unlike GP’s rationate for Set Betweenness, does pot require
that temptations should be harmful. Accordingly, Two-States is strictly weaker
than Set Betweenness, providing that  is complete and transitive. Indeed, take
any menus A1, Aq, Az € A If needed, relabel them so that Ay U Ag = AU A Z
Aq U Ag. Then by Set Betweenness, '
A1UA3>_‘:A1UA2UA3,EA1UA2>‘ A1UA2UA3}: AgUA;:,,

that is, Ay U AU Ag ~ ALV Ag. On the other hand, the representation (11) with
two positive OF alternatively with two negative components implies Two-States,
but violates Set Betweenness.

Suppose that = gatisfies Axioms 1-3, Two-States, and gelf-Control. By Self-
Control, P(=) =1 and N(x) = 1. By Two-States, S(=) < 2 (We omit the easy
proof.) By Theorem 9.1, P(r)+N(z) = S(%), and - has the representation (11).
Thus, P(=) =1, N(z) =1, and we have the following .

Corollary 2.2. = satisfies Azioms 1-3, Two-States, and Self-Control iff 4t can be
represented by (12)- : :

This corollary obtains GP’s main utility representation from weaker aSSUP-
tions on primitives and behavior. Moreover, it can be easily extended to accoOmImO-
date behavioral phenomena other than temptation. We describe some extensions
of this sort in the following sections.

3 Modelling Temptation and Guilt
Civen any alternatives. z,y €X quch that {z} {y}, GP's model distinguishes

three possible cases for temptation‘ and self-control in the menu {Z, Y}

®) v does not tempt T, that is, v(z) = u(y). Then the decision maker ranks
(z} ~ {z,9} - Wi (13)

(i) y tempts %, but the positive cost of self-control o{y) — v(z) > 018 smaller
than the commitment utility difference u(x) — u(y). Then the decision maker
plans 10 resist the temptation Y and ranks

(s} > {z.9} - Wk (14)

e e R

9This rationale essentially requires the Nash-Chernoff condition {or Sen’s property o) for
ex post choice and for temptation; P use the same condition, though implicitly, o motivate
Yot Betweenness. Noos [17] argues that the Nagh~Chernoff condition can be problematic in the
presetce of temptation, and relaxes GP's model accordingly. :

10



(i) y ternpts and the cost of self-control v(y) — v(z) i greater or equal than
the commitment utility difference u(z)—uly)- Then the decision maker plans
to succumb to the temptation y and ranks

{z} = {my} ~ Lo} (15)

Suppose that the decision maker expects that she will feel guilty after suceumb-
ing to the temptation y in +he menu {z,y}, and that the guilt will be costly for
her. Then the above rankings (13) and (14) are not affected, but (15) should be
replaced by the strong preference for commitment'®

{z} = {y} - {z.9} . (8

The psychological cost of guilt may affect the value of the menu {z,y} in two ways.
First, this cost is paid directly if the decision maker still plans to guccumb to the
temptation y in this menu. Alternatively, the potential punishment by guilt can
make her change the ex post behavior and select = in the menu {z,y} even though
the anticipated cost of self-control v(y) — v(z) i greater than the commitment
utility difference ulz) ~u(y)- Then the decision maker still has the strict preference
{y} {z,y} because it is better for her to commit to the normatively inferior y
ex ante than to exercise the intense self-control and select the normatively best =
in the menu {z,y} ex post. Note that the ranking (16) elone does not revesl the
anticipated ex post choice.

One can challenge the above analysis by arguing that any person who is deterred
by guilt ex post should be also deterred by guilt ex ante. Indeed, it may appear
that the decision maker should feel just as guilty after committing to the future
temptation {y} e ante than after choosing Y i1 the menu {z,y} ex post. In the
words of Elster [5, p.65], “to want to be immoral is to be immoral”. Yet in many
settings there is no intuitive equivalence between the ex ante and ex post costs
of guilt. For example, people +end to feel more guilty after meeting & heggar and
not giving him any mOney than after avoiding this beggar in the first place. Guilt
may also increase ovel time for recruits in firms and organizations, such as the
military, which spend resources to instill guilt on its members and promote loyaity
and team spirit. These situations are studied by Kandeal and Lazear {13]. Thus
the preference (16) can be sutuitive as long as the decision maker believes that she
would feel less guilty ofter committing to the future temptation {y} ex ante rather
than after choosing ¥ il the menu {z,y} ex post.

Assume that both temptation and guilt have non-trivial effects on behavior,
and rankings such a3 (13), (14) and (16) can be observed.

Axiom 8 (Self—ControlﬂWith-Guilt). There are menus A, BA B €A such
that AUB - B andA’bB’%A’UB’.

e
10Fhe ranking {z} > {z,y} ~ {y} remains intuitive only in the borderline situation when

oly) — v(z) = u(z) = w():

11



Unlike Set Betweenness, the Two-States axiom is not viclated directly by the
strong preference for commitment (16). Yet it can he also problematic in the
presence of guilt. For example, consider a mentt {z,',y}, where Z is a vegetarian
dish, z' is a chicken salad, and y is & hamburger. Suppose that the decision maker
confronted with the menu

A = {x,m’,y} = {msml} U {wliy} U {.’.C,y},

anticipates that she will choose #’ and be tempted by y ex post, and then feel
guilty about not choosing the normatively best slternative x. Providing that both
temptation and guilt are costly, the menus {z,z'} and {«/,y} should be strictly
preferred to A. On the other hand, it is also intuitive that the decision maker
should strictly prefer A to {z,y} because the former menu provides the better ex
post choice z’ in the presence of the same temptation ¥ and the same normatively
best opporfunity Z.

In order to accommodate both temptation and guils, we relax Two-States as
follows. For any z € X, let

Az:{AGA:zEAandzﬁyforaﬂyeA.}

Axiom 9 (Two»Plus-—One«-States). For any z € X and menus A, Az, Az € As,
either AyU AgUA;s ~ AU Ay, or AUAUAg ~ A UAg, or AjUAUAg ~ AsUAs.

Clearly, this axiom is weaker than Two-States because it applies only to menus
in a subclass A, C A To motivate Two-Plus-One-States, assume that the decision
maker’s evaluation of any menu B is determined by her anticipated ex post choice
r € B, greatest temptation ¥ € B, and normatively best alternative z € B.
TFollowing GP, identify the decision maker’s normative preference on X with her
commitment rapking. 1! Suppose that B = A, UAyU A3 where Ay, Ag, Az € Az 1f
needed, relabel the menus Ay, A, Ag so that z,Y € AU Ag. Note that z € AjU Ay
because A;, Az € A,. Therefore, the indifference B ~ A; U Ay should hold as
long as the ex post choice & € B, temptation ¥ € B, and the normatively best
alternative z € B are unchanged when some of the other alternatives in B become
unavailable. This motivation does not put any restrictions on how the decision
maker combines Z,Y and z to evaluate the menu B. Tt requires only thai the
availability of other alternatives in B is irrelevant for her evaluation.

Say that functions u,v : X R are independent if the elements u,v,f of the
space RX are linear independent. (Here 1 is the constant unity function on X .}
Clearly if u and v are independent, then they are not redundant, but the converse
is not necessarily true.t*

e

11This identity is reasonable if at the ex ante stage, the decision raker has a “cool” mind, and

her commitment ranking is not affected by future temptations or other visceral factors. Noor

(18] relaxes this assumption and formulates a model where Future consumption can be tempting.
12The stronger condition of independence prohibits situations where temptation exists but is

always resisted and hence, produces no guilt. This happens when 2 = —at for @ € (0,1).
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Corollary 3.3 & satisfies Azioms 1-§, T wo- Plus-One-States, and Self-Control-
With- Guilt iff it can be represented by

U(A) = max(L+ Grule) + o(a)] - mexrv(¥) - Cmaxu(2), (17)

where G > 0, and the functions U and v are linear, continuous, and independent.
Moreover, G 5 unique, and 1,V are unique up to @ positive linear transforma-
tiomn.

To interpret the utiliby representasion (17), rewrite it as follows:
U(A) = @g}iﬂ(ﬁ?) - %‘mg}(v(y) — ()~ C Igigg(u(‘b’) — u(2))}:

Then maxyea(v(y) ~ v(z)) and G maXze alul2)— u(x)) are respectively the costs of
temptation and guilt associated with selecting z from the menu A. Accordingly,
the anticipated ex post choice = € A achieves & compromise between the normative
values on one side and the costs of temptation and guilt on the other by solving
the maximization problem

‘ngf[“ + Gu(z) + v{z)]-

Note that for large ¢ > 0 the solution to this problem 18 close to maximizing the
normative values. In other words, strong guilt is & good digciplining device in the
presence of temptations.

Based on £his intuition, we characterize the hehavioral meaning of the parame-
ter G > 0. Suppose that two preferences + and = have representations (17) that
have the same commitment and temptation rapkings u(*) = w*() and o() = v* ()
but may have different parameters G > G*. For instance, this situation is charac-
terized by the equivalence

(o} - {myyr b @ (2}~ {zy} " Wk (18)
Say that r- 1s more disciplined than - if for any ment A and elements &, Y € A,
As A\ {z}and At AN{yY = (£} = {y}-

Corollary 3.2. Suppose that = and = have representatz’ons (17) and satisfy the
equivalence (18). Then = is MOTE disciplined than —iff G2 G

This Tesult asserts roughly that the parameter G reflects the extent to which
the decision maker expects to abide by the normative values eX post.

13



A Proof of the Main Representation Result

The proof of Theorem 2.1 requires some preliminary facts about the algebraic and
topological structuré of the spaces X and A.

Lemma A.l. Let S > 2 Alist of linear funclions Uy, -y US X — R is not
redundant iff there are at,..., %5 € X such that wilzl) > ui{zf) for all ¢ # -

Proof. Let i,5,k,1 vary in {1,...,5}. Suppose that the list wy, ... Us X = R is
not redundant. Fix any k # 1. The functions uy, and u represent different rankings
of X. Then the inequalities wy(w) = wely) and w(w) = w(y) are ot equivalent for
some z,y € X. Wiog up(z) = uely) and w(y) > w(z): Morevoer, uy and u are
aon-constant and linear. Toke ¢,y € X and € > 0 such that ug(z") > Uk (y") and
u;(sy’—'r(i-—e)y) > uy(sa’ +{1-€)z)- Let z = ex' +(1—€)% and zp = £y +(1—E)Y-
Then uk(zK) = (1) and wlzw) > (). Thus there s 5 matrix |lzull € X Sx8
such that w(Twt) > ug{zy) for all k1. (The diagonal of this matrix is arbitrary.)

For any i, let o = 2Dk zl;, where 7ty = op if wg(Twl) 2 a;(zue) and ok, = Tk
otherwise. Fix any %, 4 such that ¢ # j. Then for all k,1,

wi(why) = [wilza) V us(zw)) 2 wilzh):

Moreover, if k =i and ] = g, then ui{zh) = wi(zig) > w;(zji) = ug (). Thus,
i) = o Sk > Y wlek) = ulE)
ki Py

On the other hand, suppose that the inequalities w{ey) > wu; () and U (23) >
u(zF) hold for any @ # J- Then the functions %; and u; are not constant and
represent different rankings on % . Therefore, the list Uy, .- U5 - X R is not
redundant. : |

Forany T € X, A€ A, and § >0, let d(x, A) = mifyea d(z,y) and
Ns(A) ={z € X" d(z, A) < 8}

Note that Ns(4) C ¥ is a compact set, that is, a menu.
For any menus A, B € A, define the Hausdorff metric

;L(A,B) = (xgggcd(m, A)) v (%gfd(ﬁ,B)) .

Equivalently, p(4, B) =min{&= 0 : B c Ns(A) and A C Ns(B)}. The metric {4
turns A into a compact metric space.

For any ment A € A, 1e6T6 (A) be the closure of the convex hull of A. In other
words, €0 (A) is the emallest convex menu that includes A.

14



Lemma A.2. The melric ji and the operator T (+) satisfy the following properties:
(i) for alin =1 and menus At ..., An, B, Br € A,
pl{Un A Uy By) < max (A, Bi), (19)

(i) for all menus A A B,B €A,
(A5 BEE) < (A, B)V (A B, (20)
(it) if @ menu A € A consists of n elements, then
0 (A) = oo (A) = LA + 2515 (4), (21)
(iv) T () is a continuous mapping on the space A,
(v) for alla € [0,1] and menus A, Ale A
%@ (@A + (1 — ) A') = oTd (A)+ (1 — a)es (4). (22)

Proof. Take any n 21 and menus A, A', B, B, Ay, B; for i = 1,0..,m
Show (i). Let 6 = max; w(As, By). Then B; C N;(As) for all i, and hence,
Uy By © Upy No(Ad) = Ns(Uing Ae)-

Similarly, Ui, 4: C Ns{Up, By). Therefore, p& (Up A UL, Bi) S0
Turn to (ii). Let 6 = u(A, B) vV p(A', B'). Then B C Ns(A) and B' C Ns(A).
As the metric d is quasi-convex, then

BaB ~ Ng(A)+Ns(4 A Al
—; c 5()25( )CNJ(-; )
Similarly, 224 C Ns (BZE). Therefore, p (Axa BEE) < 6.

Turn to (iii). Suppose that A== {x3,...,Tn} CODSISES of n elements. Then

co(A) = {zn:a@:c,; Doy O,Zn:ai = 1}
i=1 i=1

is compact because the n-element mixture operation is continuous, and the (n—1)-
dimensional simplex is compact. Therefore 0 (4) = co (A}. Moreover, S =
1 implies that o; > % for some . Thus, co(A) = LA + %tco (A). Substitute
T (A) = co (A) to obtain (21).

Turn to (iv). Let & = p(4, B). Then B C N;3(A) C Nj(co(A)). The menu
N;(e6 (A)) is convex because d i quasi-convex. Then €0 (B) ¢ N5(e5(A)). Sim-
ilarly, €0 (A) © Ns(eo(B)). Thus, u(@ (A),50 (B)) < § = plA, B), and T (:) is
continiious.

Pinally, if the menus A, A’ are finite, then the equation (22) follows from 21).
By continuity, (22) holds for all menus 4, A’ € A. O

15



xioms = Representation

at > satisfies Order, Continuity, and Independence.

For all menus A € A, A~To(A).

¢ Asuch that A>T (A). Let
B> éiﬁ—giﬂ»?“—)——i—{“‘;ﬁm -5 (B).

B;Then 76 (By) converges
A+c2°(A) 6 (By-). Let 1 be

Al A
Assume th
Lemma A.3.
Proof. Take a ment A B= ﬁ»‘«,‘;\—é. By Independence,

finite maenus Bi that converges 10
there is k* such that By &

Take a sequence of
to @ (B). BY Continuity,
# the finite menu B By (21},

the size ©

%Bkt 4 Eﬁl"éﬁ (Bkt) = Eﬁ(Bk*) = %—L'@'"O" (Bk*) 4 ‘T_!:f;_i.a"a‘ (Bka) .

j s 2=150 (Bj). This is a
M

+ 22156 (Bie) 7~ 155 ( Bee

Yet by Independence, 1 B
ible.

contradiction. Qimilarly, A < 6 (A) is mposs
be the set of all convex menus:
w0+ (1—a)C for all o € {0,113

i12] (see also Kreps [15])-
d to convex menus cai

Let CC A
c={CeA: C
ce as defined by Herstein—Milnor

Then C is & magture spa

By the Herstein~Milnor Theorem, the preference + restricte

be represented by a function U,:C—R such that for all ¢ € (0,1 and C,C" €C,
(23)

Y= al(C) + (- a)U(C)-

Show that Ug s continuous. Fix any 7 € R. By (23), either U(C) >~ for all
¢ e, or UC) <7 for all C € C, OF U.(C,) = v for some ¢, eC In each of
~} and {C € C:U.(C) < v} are closed in

these cases, the sets {ceC: UC) 2
when U(Cy) =7, the set

¢. For instan

U.(aC + (1 — &)

ce, in the non-trivial case

{CeC:mKUZﬂ:dNﬂAeA:AtGﬁ

is (ﬂoéed by Continuity.
For all menus A € A, let _
U(A) = U (5 (4))- (24)
ne entire A. The utility

a A.3, the function U 1 A — R represents 2= 0B t
mposition of continuous mappings. Moreover, U

By Lemm
because it is & €O

U is continuous
satisfies

UmA+aw@mﬂamm+a-@ﬁw) (25)
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for all & € [0,1] and menus A, B € A because

U (o (A + {1 - a)B)) = Uc(ato (A)+ (1 —aJco (B)) =
W (5 (A)) + (1~ QU (B)):

Assume further that > satisfies Tiniteness. Then the finite maximum

S(x) = max [P(Al,...,An)-}-N(Al,-—wAn)l

221, A1y An€A

is well-defined.

Show that the utility function U has the required form (9). If S(>) =0, then
the preference = is degenerate because for all menus A, B € A, both A and B are
peutral in the family A, B and hence, A~ AUB~DB.

Lemma A.4. If S =) =1 then there is 71 € {-1,1} and o continuous lineor
funetion u1 X — R such that U(A) = 71 maXzea up (z) for all menus A € A.

Proof. Suppose that S(r) =1. Then for any menus B, B e A, UBUB)= U(B)
or U(BUB') = U(B". Tt follows by induction with respect to 7 that any finite
tamily of menus B, ... B,, contains a member B, such that U (UL, Bi) = U{Bg)-

With some abuse of notation, let U(z) = U({z}) and Ulz,y) = U({z,y}) for
sl z,y€ X. Clonsider three possible cases.

Case 1. U(z,y) = U(z) v U(y) for all ¢,y € X. Let 1= 1and uy =U on X.
Fix any finite menu A. Teke z* € A such that U(z*) = ma¥eea U(z). The finite
union A = Uze a{z*,z} hesa component {z*,y} such that U(A} = U(z", y). Then

D) = Uley) = Ul v UG = U = V) = a1 ()

By continuity, this equality extends from finite menus to the entire A.

Case 2. Uz, y) = U(z) AU(y) for alz,y€ X. Let = ~1anduy =-Uon
X. Analogously to the previous case, sor all menus A € A,

U(A) = min U)=m rgg;wl(m)-

Case 3. Ulz,y) # U(z) v Uly) and Uz, y) # Uz A Uly'} for some
z,y,z.y € X Wlog Ufz) = U) and Uz} = U Then U(z) > Uly) =
Ulw,y) and U(z") > Uly") = U,y)-

For o € [0,1], let Tp = OZ + (1 o)z’ and Yo = Y + (1= o)y’ Let

I = {0’ € [0:11 : U(ma) = U(zmya)}

I,={ac0,1]: U(ya) = U(Zo:Ya) }-
Then the sets Iy and I, are (i) non-empty because 0 € Lz and 1€ [ly, (ii) disjoint
because U(Za) > Ulya) by (25), (i) closed because U 18 continuous, and (iv) cover

the segment {0, 1] because for every @ € [0,1), Ula Ya) = U(za) OF U(Za,Ya) =
U(y,). Thisis a contradiction because the segment [0, 1} is connected. O
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Suppose that S(r) = 2. Let 5 = S(x), and let sndices 4,7 vary in {1,..- , 9.
Given menus Af, ..., A% write A* = ;A} and AZ; = Uy A5
We claim that there are conveX menus A%, ..., AS such that for all §,

UA9#U (A’ij) .
n of G, there isn 2 S and a family of menu

P(As, .. An)+ N4, An) =5

.,Ag in this family is either positive or
U B). Then

(26)

By definitio sAy,...,An€A such that

and wlog each of the first S menus Ay, .-
negative. Let B = Uk=sg 1 A; end for all 4, Ar =76 (A

U (A = U (05(4%) = U (00 (Ungs)) = U Veznde).
Similarly,
UUﬂﬂ=U@ﬂ£ﬁ%“”“®%mw&ﬂmUwMM#Mf
Then the inequality (26) foliows from the fact that A; is either positive or negative
in the family A, .. - , An.
Wiog U(A*) = 0. Take £ > 0 such that for all 7,

|U (AL = \U(AZ;) — U{A™)| > 4e.

and hence, there is 6 >0

(27)

As A is compact, then U is uniformly continuous,

such that for all menus B,B' € A,
w(B,B) <6 = \U(B) - UBH <e

is & > 0 such that for all menus B, B,C € A,

(28)

Next we claim that there
wlaB -+ (1—a)C, aB' +(1— a)C) < 6.
e are sequences n € R and

(29)

Show this claim by contradiction: suppose that ther
Ba,, B Can € A such that oy — 0 and

(e Bo, + (1~ 00)Clans @ Bay, + (1 — an)Can) Z 3.

As A is compact, one can take the sequences Ba,, B!, ,Ca, %0 converge in A, Thus
p(limn Co, » iMa Ca,) = 6, which is & contradiction.

Tor any family of S menus By, ..., Bs, let
wh“ﬁﬂmUma+u—mmy

The ranking of such menus satisfies the following additivity property.
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Lemma A.5. For all menus Bi,...,Bs and B,...,Bs,
(Bi,.,B ]+[BS, Bl B: 4B} B+ B
s (Bgest) o (235, 25

Proof. Fix any menus By, ... _Bg and B,..., Bs. For any i, let

A= a&}% + (1 — a)A;.

Let D = U juss (a&gﬁ 4+ (1 a)ﬁgﬁ). Then

BruBsl BBl _ A, U+ U AsUD

Bi+Bi Bs+B:
[_%E-J»,...,ﬁ%—-ﬁ]_—mAlu---uAS.

Let A == UA; and A_j = Uiz A We claim that for any j,
U(AU D)%U(A_jUD). (309

Then each ment Ay, ..., Ag is either positive or negative in the family Ay, .-, As, D.
By definition of S, this family cannot contain more than S members that are not
peutral. It follows that D is neutral, that s,

V(A U---UAgUD) = U4 U UAs)

completing the proof of the lemma.
Show the claim (30). For all 4, AY = oA+ (1 - o) A¥ and hence, by (29),

(A%, aB+ (1 - a)A]) < 6.
Let B =[B,...,Bs] and B =B,...,Bs]. By (19},
uw(A*,B) < m?x#(A:,OCBi 4 (1—a)Af) <6
W47, BY) < max (AT, 0Bl (1= @A) <8,
By the uniform continuity (28), {U(B)l <¢ and |U(BN} < . Then
1U(AuD)\m]U(ﬁg§1)\<a. (31)

Fix any j. Let Bj = Ui (@B 4 (1~ o)A}) and BL; = Ugpes(eBi + (1— a)Af)
By (19) and (20),

p(Ar;, Boj) = max p(AL, aBy + (1 - Ay <6
15

__j3

p(Ar;,BLy) £ mgxu(AZ,aBi +(1— )4y <8
igh]

A*+AY, B B . * #
w (55 BHELY < (A", BV ALy Brg) <0

A*3AY B4 * 1] ®
u(-»—%aﬁ%%) < p(A*, B)V (AL, B=g) <0
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Note that A_;UD = EL*%E‘:@: U Ejé?_ﬁ,_ Therefore by (19},
REWL A*+Ar. BB A*4AT. B'+Boj
M(”r“laAw:iUD) 5#(—7‘41—“—2‘"‘1)\’ (*—ri"—ir'l) <9

By (28), \U (A;uD)-U (f‘;igh)\ <. By 27), \U (ii‘;‘——l)\ > %. Then
U (AjuD)| >«
By (31), U (AU D)y # U A5V D) and the claim (30} is true. 0

For any i, define a function W;: A — R over menus B € Aby
W;(B) = LU (AU {(aB -+ (1~ a)A’;)) .

Lemma A.6. For any i, there is i € {~1,1} and o continuous linear function
we X - R such that Wi(A) = i maXzea us(x) for all menus A€ A

Proof. The required components i and u; are derived analogously tom and Y3 in
Lemma A.4 providing that W; satisfies the following properties:

(i) the function Wit A — R is continuous,
(it) for all z, e X, Wi{az+ (1~ a)z'}) = aWi({z}) + 1 - a)Wi({='}),
(iit) for all B, B' € A, either Wi (BUB') = W,(B) or Wi(BU B = Wi(B").

For concreteness, We show these properties for Wg. The continuity of Ws 18
jmplied by the continuity of U and the mixture operation.
Tyrn to (ii). By Lemma A5, forallz,2’ € X,

ws ({257}) =3V (45, Asn {55531 =

1 U([A;,...,A:‘gwl,{:c}} +U (1AL,
[ 2

...,A‘s_i,{z’}]

)

We{z+Wsl{z'})
5 .

By induction with respect to 1, for all dyadic rationals v € {0, 3 2y r-1 1%,

Ws({ye + (1 - = Ws({z}) + (- P Ws({z'}):

By continuity, the function Wy is linear aver singleton menus.

Tarn to (iil). Fix any menus B, B ¢ Asuch that Ws(Bu B) # Ws(B'). Let
A, = Aj for all ¢ < S, Ag=aB+ (- o)A, and D = oB + (1 — a)A%. Let
A= UiAi and A».._?‘ = Uz';éjA,;. By (29), [.L(A,A*) < max; ,LL(A?,,A:) < 8, and

AU D, AY) = AU D, A UAR) S A ATV w(D, AB) < 8.
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By (28),jU (AU D) | <e. Take any § < S. Then
p(A; U D, AL ) = p(A;UD AT, UAG) < (A, ALV p(D, Ag) < 6.

By (28), |U (A—; U D)=U (A%} | <& By (27), U (A; uD)| >3 > [U(AUD)|.
Therefore,
UAuD)#U(A;UD).
Moreover, Wg(B U B') # Wg(B') implies that
U{AUD)=Wg(BUB)£Ws(B)=U(A.5sUD).

Then each menu Ay, ..., Ag is either positive or negative in the family 4, ..., As, D).
By definition of S, this family does contain more than S menus that are not neutral.
Therefore I is neutral and U(AU D) = U(A). Thus Ws(BU B') = W(B). O

By Lemma A.5, for all menus By, ..., Bs,
U([Bh s ’BS]) = U{[Bla ) BS})+U(A*) = U([Bla oo ,Bs])—i—U([ Ta R Z‘]) =
w (235, 25]) -

7
U({A;,Bg,... Bs)) + U([BE,AE,..., <)) = U([AZ, By ..., Bs)) + aWy(By).
Similarly, U([A} ., Bg)) = U([A}, A}, Bs, ..., Bs]) -+ aW3(By). Inductively,
(B

U(Bs..., Bsl) = 3 oWi(B).

Thus, for all menus A € A,
oU(A) =U(ed+(1-a)A") = U ({4,...,A]) = a ) _Wi(4),

that is, U{A) = 3, Wi(A4) = 5, v maxeea wi{z).

To show that the list of functions ug,...,us is not redundant, we use Lemma
A.l. For any i, take z} € A} such that u;(z}) = maxeear wi(x). Fix any 7 # j.
Suppose that uz(x )2 uz( ). Then

max u(z) > maag u;(x)
and hence, maxsea- 1;(2) = max,eqe, us(z). Therefore Wi(A*) = Wi(AL;). Yet
direct calculation shows that W;(4*) = U(4*) because
e (A"} =@ (A%, U (04" + (1~ @)A])),
but W;(A*,) = U(A~,) because
0 (adr, + (1 — @)A%) =0 (A%, U (adl, + (1 — o)A} .

Thus W;(A4*) = 0 # W,{A*,). This contradiction shows that u;(z}) > wi(z}), and
hence, the list uy,. .., ug is not redundant by Lemma A.1.
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A.2 Representation = Axioms - Uniqgueness

Suppose that - has the representation (9). Then > satisfles Order, Continuity,
and Independence (we omit the standard proofs).

Turn to Finiteness. The representation (9) has S components, among which
84 = 3 i1 Vi BTC positive and S_ =3, _ 1% = S — S, are negative. Let i, ]
vary in {1,...,S}. For any i and any menu A, let Ui(A) = maxgea (%)

Lemma A.7. P(x) < 84, N(>x) £ 5., and S{r) <85,

Proof. Take any n > 1 and a family of menus Ay,...,An. Let k1 vary in
{1,...,n}. Let A = UpA; and for any I, A = UpgtAg.  If the menu Ay is
positive, then

U (4) = U (A-) = D wlUi(4) — UA-0] > 0,

and hence, there is i such that v, = 1 and Uy, (4) > U, (A_;). The latter inequality
implies that U, (A;) > Uy, (Ag) for all k # 1. Sirmilarly, if k # ! and the menu A4, is
also positive, then Uy, (Ak) > U, (A1), and hence, 4 # iy. Therefore,

P(Aln"wAn):‘ Z Vi S ZV’E"*““MS+-

k: Ay 1s positive fiy=l

Analogously, N(A1,...,A,) < 5-. Thus P(x) < 84, N(x) < 5-, and hence,
S(=)< 8. o

Lemma A.7 implies that for any n > S and any family A1,...,An.
P(A;,...,An)+N(A1_,...,An) <8, +5_=85<n,

and hence, there is a neutral menu Ay in this family. Finiteness follows.

Show the uniqueness statement in Theorem 2.1, Suppose that S = 1 and
uy is non-constant. Take ',y € X such that ur(z) > wy(y’). If v = 1, then
the menu {z'} is positive in the family {z}, {y'}. Therefore P(>) = 1. By
Lemma A7, P(>x) = 1 = S; and N{>) =0 = 5_. Analogously, if 11 = —1,
then P(r) = 0= S5, and N(>}=1=5... By Herstein—Milnor’s theorem, ui(-) is
unique up to a positive linear transformation because i, is a linear representation
of the commitment ranking on X (i.e. ranking of singleton menus).

Hereafter, suppose that S > 2. By Lemma A.1, there are z3,...,2% € X such
that u;(x}) > us(z}) for all i # j.

Let A* = Uf{z}}. For any j, let A, = Uszy{z}. Then for all 4,7 such that
i o 5, U(A*) = wi(af) = Us(AL;) and U;(A%) = us(z}) > Uj(AL,). Therefore,

U -U(4z) = Z%[Uz-(A*) - Us(AL))) = {Us(47) = Uy(AZy) - (32)
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Then A* » AX; if 75 = 1 and A* < AL; if 4; = —1. Therefore the family
{z},...,{z}} contains S, positive menus and S_ negative ones. Thus P(x) 2
Sy, N(=) > 5-, and S(>) = §. By Lemma A7, P(x) = S, N(z) = 5, and
S(x) = 8.

Next, suppose that > has another utility representation (9) with S components:
for all A € A,
' - ! ! — tryt
U'(4) = ;% 11'13}“1(93) = ;inUi(‘A):

where , € {—1,1}, 4! is linear and continuous, and U/(A) = maxsea ui(z).
For any j, consider two cases.

Case 1. v; = 1. By (32), A* = A% ; and
U'(AY) - U'(A%) = > 9 [UiAY) — Uj(A)] > 0.

There is 7(j) < S such that 7,y =; = 1 and Upn(A") — v (AL;) > 0.
Case 2. 7; = —1. By (32), A* < A%, and

UA7)  U'(AL) = D o [Ui(4) - Ui(AZ)] < 0.

There is m(j) < S such that ’Y;r(j} = «; = ~1 and U;r{j)(A*) _ U:r(j}(Atj) < 0.
In either case, Uy (A*) — UL (A%;) > 0. Then for all 4 # 7,
U (25) > U {@2), (33)

and hence, 7(i) # 7(j). Thus, 7 is a permutation of the finite set S.
For any ¢, let uf = w . Then for all menus A € A,

U'(A) = 3 AUHA) = 3 AaioUsn(A) = D wUi (4),

where U(A) = maXyea uf (z).
Lemma A.8. There are o > 0 and 3; € R such that v = au; + 5 for all 1.

Proof. The Herstein-Milnor Theorem implies that there are o > 0 and § € R such
that U'(-) = aU(-) + 8 on the mixture space C of convex menus. By Lemma A.3,
U'(\) = al(-) + B on the entire A.

If i # j, then u(z}) > wi(z}) by Lemma A.1, uf(z}) > ui(z]) by (33), and
hence there is a sufficiently small € > 0 such that for all z,y € X,

wiez + (1)) > uley + (L — £)25)
w (gz + (1 — €)zf) > uj(ey + (1~ £)x})).
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For any jand z € X, let A%; = (gz + (1 — &) *) U A*,. If ¢ # j, then Uj(A") =
ui{z;) = Us(AZ) and U (A*) =y (z;) = U/'(AZ,). Then

U(A) = U (AZ;) = D wlU(A") = T(AL)] = e () — (=)
U'(A) - UAL) = E::%[U;'(A*) U (AZ)] = (g (23) — w5(@))-
As U'(A7) — U'(A%,) = o(U (A*) — U (4%;)), then
ye(uy (@) — ui(z)) = aje(uy(23) — us(x))

and v (z) = auy(z) + B, wheve §; = uj(z}) — au;(25).
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