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Abstract

This paper considers estimation and inference using Minimum Divergence (MD)
techniques. MD estimators are obtained by minimizing a divergence between the
empirical distribution and the distribution implied by moment restrictions. Meth-
ods that have received attention as possible alternatives to GMM, such as Empirical
Likelihood, Exponential Tilting and Continuous Updating, are all special cases of
Minimum Divergence estimators. The paper makes the following main contribu-
tions. First, it proves that there is a relationship between the Generalized Empirical
Likelihood (GEL) class of estimators and the MD class that extends beyond the
known cases. Second, a Bayesian interpretation of the weighting scheme through
which the MD reweighs the observations is given. Third, it is shows that all the
members of the MD class that have the same asymptotic bias of Empirical Like-
lihood are third-order efficient. This result implies that higher order efficiency is
an inadequate criterion for prescribing which specific estimator should be used in
applied work. I argue that in selecting from the class of third order efficient es-
timators, one should consider the boundedness of the influence function. Monte
Carlo simulations show that test statistics based on estimators that are third or-
der efficient and have a bounded influence function have smaller size distortion in
finite sample than tests based on third order efficient estimators with unbounded

influence function.
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1 Introduction

Generalized Method of Moments (GMM) is one of the most popular techniques for
estimating and conducting inference on models in economics. Nonetheless, GMM has
recently been challenged by simulation evidence showing its lackluster performance in
finite sample applications. The goal of this paper is to examine and extend the literature
that looks for alternatives to GMM.

Over the last two decades, econometric models characterized in terms of moment
restrictions have gained a prominent role in economics. The most decisive factor in favor
of such models is that they avoid making strong, and often indefensible, assumptions on
the probabilistic distributions of economic quantities. Instead, moment conditions arise
naturally in economic models of optimizing behavior where the Euler equation from
the optimal control problem implies restrictions on the correlations between economic
quantities. Importantly, GMM allows a unified framework for analyzing various specific
estimation methods that rely on moment conditions, as is the case for instrumental
variables, dynamic panel data, and minimum distance techniques. One indication of
GMM'’s acceptance in the profession is the choice of Hayashi (2000) to present several
estimation techniques as special cases of a general GMM framework.

It is well known that GMM estimators have nice asymptotic properties (see, Gallant
and White (1988) and Newey and McFadden (1994) among others). Under regularity
conditions, GMM estimators are consistent, asymptotically normal and asymptotically
efficient. Starting with GMM estimators, efficient test statistics can be constructed to
evaluate hypotheses about parameters of interest. An important feature of GMM is
that, by exploiting the overidentification of moment conditions, it allows for testing of
a theoretical model or a reduced form specification.

Despite GMM’s desirable asymptotic properties, there has been increasing concern
over its performance in applications. In Monte Carlo simulations of model designs and
sample sizes similar to those considered in real applications, evidence shows that GMM
estimators are severely biased in finite samples. Given such bias, it is natural to expect
that GMM’s test statistics also have unsatisfying finite sample performance. In the
standard asymptotic thought experiment, asymptotically efficient estimators lead to
efficient tests. If, however, the small sample approximation of this thought experiment
is poor, inferences based on GMM estimators lead to tests with bad size control. This
intuition is in line with the findings of Monte Carlo simulations that show that GMM
based tests have bad size control.

One stream of the literature has addressed the poor performance of GMM by de-
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riving asymptotic approximations that better cope with the finite sample behavior of
GMM estimators. In the context of Two Stage Least Square (TSLS) models, the last
ten years have witnessed a series of papers that extend the large n thought experiments.
For instance, Bekker (1994) has analyzed the properties of the asymptotic approxima-
tions when the number of instruments is let to grow with the sample size. On a related
front, Staiger and Stock (1997) propose an alternative framework for analyzing asymp-
totic properties of TSLS estimators when the correlation between the instruments and
the endogenous regressor is very small. In this case, they consider a thought experi-
ment where the correlation coefficient of the first-stage regression is going to zero as
the sample size increases. Building on these thought experiments, testing procedures
that exploit weak instruments have been proposed, such as in Kleibergen (2002) and
Moreira (2003), that are robust to weak instruments and/or to the presence of many
instruments. A major obstacle to this approach is that the results strongly depend on
specific assumptions and are usually difficult to generalize. From the same angle, Hall
and Horowitz (1996) analyze the ability of the bootstrap to provide critical values for
the test of overidentifying restrictions and the Wald test based on GMM. Although they
show that the bootstrapped critical values have theoretical advantages, their numerical
example indicates that even though the empirical size of the bootstrapped statistics are
closer to their nominal values, they are still rather poor.

The aim of this paper is to extend the literature that focuses on alternatives to
the traditional GMM. Motivated by the inability of the GMM to deliver estimators
whose finite sample distribution adheres to the large n approximation, a new literature
has emerged looking for alternative estimation techniques that possess better finite
sample properties. Over the last decade, a class of alternatives has been suggested and
advocated by many researchers. This class includes Empirical Likelihood (EL) (Qin and
Lawless, 1994), Exponential Tilting (ET) (Kitamura and Stutzer, 1997) and Continuous
Updating (CUE) (Hansen, Heaton and Yaron, 1996). There are several Monte Carlo
experiments that clearly indicate that estimators obtained by these methods may have
better finite sample properties than GMM. For IV estimation of a Gaussian linear
equation, Judge and Mittelhammer (2001) show that EL and ET both have a smaller
bias than GMM. Imbens (1997) investigates a nonlinear covariance structure model and
finds that the EL has smaller bias than GMM. Imbens (2002) studies the properties of
ET when applied to dynamic panel data with fixed effects, and finds that ET is superior
in terms of bias and the coverage rate of confidence interval.

All these estimators exploit the same set of moment conditions that GMM uses; the
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key difference is how these alternatives deal with the overidentification of the model.
GMM deals with the inability of exactly solving the empirical moment conditions by
minimizing a weighted quadratic distance in the moment conditions. On the other hand,
EL, ET, and CUE deal with the overidentification by setting the empirical moment
conditions to zero through weighting the observations. There exist many weighting
schemes through which the empirical moment condition can be set to zero. The idea
is to pick the scheme that is closer to the empirical distribution in some meaningful
sense. This meaning comes from the choice of an appropriate metric that is referred to
as divergence. Differences between EL, ET, and CUE estimators arise from the different
divergences these methods employ in selecting a feasible weighting scheme.

The first aim of this paper is to consider a generalization of EL, ET, and CUE
estimators in which the only condition placed on their divergence is that it be a con-
vex function. Following Corcoran (1998), who considers a similar generalization for
goodness-of-fit tests, I refer to this generalization as Minimum Divergence (MD) esti-
mators. In the context of moment conditions models, a similar generalization has only
been considered for a specific family of divergences, namely the Cressie and Read (1984)
family of power divergences.

Newey and Smith (2004), NS henceforth, consider a generalization that they refer
to as Generalized Empirical Likelihood (GEL) estimators. They show that when one
considers divergences that belong to the Cressie-Read family, GEL and MD estimators
solve the same first order conditions. An interesting finding of the present paper is
that there is indeed a one-to-one relationship between the MD and GEL formulation.
Every MD estimator has a GEL representation and, conversely, every GEL estimator
can be represented as MD estimator. This is interesting because it allows an elegant
generalization of the alternatives to GMM in terms of divergence.

Another result, interesting in its own right, is that it is possible to understand
the different MD-estimator-imposed weighting schemes by a probabilistic interpretation
that has a clear Bayesian flavor. By imposing a prior on the data weights themselves,
it can be shown that the expectation with respect to the distribution of maximum
entropy to the given prior is equivalent to the MD weights when the prior is assumed
to belong to a class of specific families of distributions. Although this approach can be
used to include additional prior information, its core appeal is that it leads to such a
theoretically established interpretation of the weighting scheme.

This interpretation may shed light on features of the MD estimators and their weight-

ing schemes, yet the question remains as to which member of the MD class one should
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use in application. Comparisons between GMM and MD are particularly difficult be-
cause they all share the same asymptotic distribution with the same first order efficient
variance matrix. NS compare higher order asymptotic properties of GMM and GEL.
While they find that all members of GEL have lower bias than GMM, they also show
that EL has the lowest bias in the GEL class. Significantly, NS show that EL is third
order efficient in the sense that, after it is bias corrected, it is efficient of a higher order
relative to other bias corrected estimators. A very interesting and important finding
of this paper is that all MD estimators sharing the asymptotic bias of EL estimators
have the same higher order mean square error. This finding has two substantive impli-
cations: first, that all the members of this MD subclass are third order efficient after
the bias is removed; second, that third order efficiency is an inadequate criterion for
prescribing which specific estimator should be used in applied work. If one insists on
considering estimators that have the same bias as EL estimators, then another criterion
must supplement third order efficiency.

This paper proposes such an additional criterion. For selecting from the class of third
order efficient estimators, a researcher should consider the boundedness of the influence
function of the MD estimator. There are two reasons why properties of the influence
function should be considered when selecting from amongst MD estimators. First, the
asymptotic expansions are polynomials in the influence functions of the estimators. If
the influence function can become unbounded, then the ranking based on higher order
comparisons can be misleading. Second, test statistics for overidentifying restrictions
are likely to depend crucially on the boundedness of the influence function. For example,
Imbens, Spady and Johnson (1998) analyze the properties of overidentifying restrictions
tests and find that the Exponential Tilting, which is not third order efficient but whose
influence function is bounded, delivers test statistics that are especially good in terms of
size control even when compared to Empirical Likelihood, which is third order efficient
but whose influence function is not bounded. Motivated by these reasons, I identify
a subclass of third order efficient MD estimators whose influence function is bounded.
Monte Carlo simulations show that members of this subclass deliver statistics that have
strikingly good size control for testing hypotheses both on the parameters and on the
overidentified structure of the model.

The plan of the paper is as follows. Section 2 defines moment conditions models and
gives some examples from the economic literature. Section 3 reviews the results on the
GMM estimation and testing framework. Section 4 presents the existing alternatives to

GMM, while Section 5 defines the Minimum Divergence class of estimators and analyzes
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their properties. Section 6 establishes the Bayesian interpretation of MD techniques.
Section 7 contains theoretical results on the higher order properties of MD estimators.
Section 8 discusses the construction of third order efficient estimators whose influence
function is bounded, while Section 9 presents Monte Carlo simulation results. Section

10 concludes.

2 The model and some examples

In this section we formally introduce models based on moment conditions and we provide
some examples from the economic literature.

Let {w;}! ; be a random sample in R® drawn from an unknown probability distrib-
ution @, ; © is a compact subset of R¥ and q(w, ) : R®* x © — R™, m > k, is a vector
of known functions that relate the parameter vector 8 to the random sample and it is

referred to as the moment function. We consider the moment restrictions

—~
—
~—

Elq(w,0,)] = /q(w,ﬁo)on =0

where 0, € © is the true parameter value.

Often {w;}?_, is partitioned as {z;,y;}"_, where z; € R? and y; € RP, d+p = s. The
partition is useful when we are interested in some aspects of the conditional distribution
of y given x or, more generally, when y is a set of dependent variables to be determined
at least partly on the basis of other variables z. For instance, the model specified in (1) is
compatible with conditional restrictions of the form E|[p(y, 6)|x] where p(y, 0) : RP — R’
is a known function. The conditional restrictions imply the unconditional moment
restrictions E[A(x)p(y,0))] = 0, where A(z) is a matrix of functions of the conditioning
variables with j columns.

The econometric models given by equation (1) is extremely general and it is very

common in many fields of economics.

Example 1 (Linear System of Equations): Let y = (y1,y2) and z = (2, 2')" and

consider the following system of two linear simultaneous equations:

no= ylf+riv+w (2)
yo = 20+ 210+ us (3)

where (2) is the structural equation of interest, while (3) is the reduced form equation

for y2. The vectors of exogenous random variables x1, and z have dimension G, x 1 and
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m X 1 respectively. One is interested in the estimation of the structural parameter (.
In labor economics this approach is often taken to model the multitude of relations that
characterize economic behavior in the labor market. In the classic example of Mincer’s
equation, (2) is the wage equation, where x; is a vector of personal characteristics and
y2 denotes schooling. In general Cov(uj,uz) # 0 and the regression of y; on ys will
deliver inconsistent estimates of 5. Using the exogeneity of z, 8 can be identified and

estimated consistently by imposing (1) with g(w,0) = (2ju1, 2'u1)’.

Moment conditions obtained from linear models similar to the previous example
are linear in the parameters. However, nonlinearity of the moment function does not
depend crucially on the linearity of the underlying model. Typically, this is the case
for dynamic panel data models with fixed effects. Although the model is linear in the
parameters, some of the moment conditions implied by usual assumptions on the error

are nonlinear.

Example 2 (Dynamic Panel Data Models): Consider the following dynamic panel

data model:

Yit = O0Yir—1 +1m; +uy, t=1,...,n

where (yi0, Y1, Yi2, - - -, ysr) are random samples of n individual time series, 7, is an
unobserved effect, 1" is small and n is large. Differencing to remove the fixed effect
yields

Ayit = 0AY; 11 + Augy

Nickell (1981) showed that fixed effect estimation in a short dynamic panel with in-
dividual specific effects (n;) is inconsistent. However, the autoregressive parameter 6
can be identified by exploiting the covariance structure of the initial observations. For
t=3,....,7 and s = 2,...,t — 1 the model implies the following moment restrictions
linear in 6

E(Ayit —0Ayi+—1)yit—s) =0, i=1,...,n

Ahn and Schmidt (1995) pointed out that the model also implies nonlinear restrictions.
In particular, for any ¢t = 2,...,T — 1, Eluj;rAuy] = 0 giving additional 7' — 2 moment

conditions that are nonlinear in 6.

Example 3 (Consumption CAPM): Consider the prototypical consumption based

asset pricing model. The representative agent maximizes intertemporally time additive
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preferences. Let 8 denote the discount factor, Cy4r the consumption level during period
t+ 71, R; the L x 1 vector of gross returns on L assets, and ¢y, a L X 1 vector of ones.

The Euler equation is given by (see Hansen and Singleton, 1982)
E (B(Cr41/Ct) " Rey1 — 1| Fi) = 0 (4)

where F; is the information set at time t. For every Z; € F;, the Euler equation implies
(1) with
q(w,0) = (B(Ci31/Ct) " Reg1 — 1) ® Z (5)

Another application of moment conditions is in the context of optimal forecast.

Example 4 (Optimal Forecast): There exists an extensive literature of applied work
in economics that tests for rational expectations using data on forecasts produced by
economic agents. Properties of rational forecasts are intrinsically related to the loss
function the economic agents use in producing the forecasts. Let L(iyn(%,0), Yrin)
be the function describing the loss associated with forecasting the value of the random
variable y;15, using the parametric model given by y;15(x,0). The optimal forecast

minimizes the expected loss
m@in E[L(gt+h (Xv 9)7 yt+h) ‘ft]

Under regularity conditions that allow taking derivatives under the integral sign, the

first order conditions take the form of the moment conditions in (1) with
q(w,0) = (OL(f1+n(x,0), y1+4)/00) @ Zy

for every Z; € F;. Elliott, Kumunjer, and Timmermann (2002) consider a class of
loss functions indexed by a parameter that synthesizes the degree of asymmetry of the
loss. Under the assumption of optimality of the forecasts, they exploit the orthogonality

conditions to identify and estimate the asymmetry in the loss function.

The following notation will be kept for the remainder of the paper. For notational
convenience the dependence of ¢;(-,0) on w is often suppressed so that we write ¢;(0) for
q(w;, 0). When not otherwise mentioned, the index n denotes average over the sample,
e.g. qn(0) = n7 13" ¢i(0). The m x k Jacobian of ¢;(0) is denoted by Vyg;(0) =
0qi(0)/00. The symbol 1(,<,) denotes the indicator function that takes the value 1

if w < 2 and 0 otherwise. The stochastic order symbols, o,(-) and Op(-), introduced
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by Mann and Wald (1943) are used to describe the asymptotic magnitude of statistical
quantities. ||A| denotes the Euclidean norm y/Trace(A’A), that reduces to the absolute
norm if A is a scalar. Given a matrix A, A™Y denotes the Moore-Penrose inverse of A.

Finally, S(6,,€) denotes an open sphere with center 6, and radius € > 0.

3 The Generalized Method of Moments

This section serves mainly to restate the fundamental results concerning the Generalized
Method of Moments estimation and establish the general estimation problem. The
asymptotic properties of GMM are well known and proofs of the results given here are
readily available in the literature for the iid case (see, Newey and McFadden, 1994),
as well as for heterogeneous and dependent random variables (see, Gallant and White,
1988, and Potscher and Prucha, 1997).

Given a sample of observations {w;}!' ;, empirical content is given to (1) by consid-
ering its sample counterpart n=1 Y | g(w;,0). When m = k, the model is said to be

exactly identified and a consistent estimator of 8, is the root of the m equations
n
n ' q(wi,0) =0 (6)
i=1

When m > k, i.e. the number of equations is larger than the dimension of the parameter
vector 6, the econometric model specified by (1) is overidentified and the existence of a
unique solution to (6) is not guaranteed. The basic idea behind the GMM is to choose
the parameter that sets the sample counterpart of the moment conditions close to zero,
where closeness is measured as a quadratic form in a positive definite matrix. Let
W = {W,} be an (m x m) sequence of stochastic symmetric uniformly positive definite

(w.p.d.) matrices. A GMM estimator associated with W is a sequence of solutions 6 to
i 0, W, 7

where Q,,(0, W;,) = ¢ (6) Wyqn(6). The matrix W), is referred to as distance or weight-
ing matrix and, broadly speaking, it weighs the contribution of each average moment
condition in pinning down the parameter estimate.

Under well known regularity conditions the solution of (7) is a consistent estimator
of 6,. Let W, be the limit of the sequence W, i.e. W,, — W, = 0,(1), and let 6 denote



the solution to 7. The argmin 0 has a limiting normal distribution with
V(B — 60) % N(0, Sw)

where

Sw = (T, W,Lo) DLV, W,V T, (T W)

where V, = FE[qi(0,)qi(0,)'] and T, = E[Vyqi(0,)]. The minimization (7) defines a class
of asymptotically consistent and normal estimators, because for any given uniformly
positive definite sequence W, the argmin 0 is consistent and asymptotically normal.
The optimal GMM (OGMM) is the member of this class with the smallest asymptotic
variance. Hansen (1982) shows that the OGMM is the argmin 0 associated to the
sequence W with limit W, = V7! in the sense that the resulting variance matrix,
S, = (TMV,1T,)~ !, satisfies Sy — S, > 0 for every W,. Bates and White (1993)
analyze the properties of a generalization of GMM where the estimator is still defined
in terms of the minimization problem (7), but various functional forms are considered
for @n(0,Wy,). They find that the OGMM is optimal in this wider class under serial
correlation and heterogeneity. The intuition for the above optimal weighting matrix is
that weighting by the inverse of the variance of {¢;(#)}? avoids the possibility that one
component with high variance can unduly dominate the minimand in (7). Chamberlain
(1987) proves that the OGMM is not only the estimator with the smallest variance in
the class defined by the optimization (7), but it is also optimal in the class of estimators
that exploit the moment conditions given by (1). In other words, the OGMM reaches
the semiparametric efficiency bound.

An obvious choice for W, is given by

A

Vi

n S G@a) %V (8)
i=1

where 6 is an initial consistent estimator of 8,. In practice, 6 is obtained by solving the
GMM minimization problem with an inefficient choice of W,, that does not depend on 6,
for example the identity matrix of dimension m. Even if the asymptotic distribution of
the two-step procedure that delivers the efficient GMM is equivalent to the infeasible op-
timal GMM estimator that uses V! as a weighting matrix, the finite sample properties
are affected from the first step. Moreover, the two-step procedure introduces a degree

of arbitrariness that is somewhat disturbing. Two researchers using the same data to
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estimate parameters through OGMM will obtain different estimates depending on the
choice of the first-step. In addition, the two-step objective function is not invariant to
reparametrization of the underlying model.

GMM provides a nice framework to conduct inference. Associated with the GMM
estimators are tests for hypotheses about the parameter 6, that can be expressed as a
set of restrictions on the parameters, such as H, : 6 = 0, versus Hy : 0 # 0,. Three
classical test statistics are available: Wald, Lagrange multiplier and criterion based. The
Wald test statistic is based on deviations of the unconstrained estimates from values

consistent with the null hypothesis. Formally,

Wald(0) =n- (0 — 0,)S,"(0 - 6,) 9)

where S, is any consistent estimator of S,. The Lagrange multiplier statistic is based on

deviations of the constrained estimates from values solving the unconstrained problem

LM®) =n-q,V, ' T,8,T%V, g, (10)
where fn is any consistent estimator of I',. Criterion based statistics are based on
the distance of the GMM objective function when evaluated at the constrained 6, and

unconstrained @ estimates
LR(é) =—2n- (Qn(eo) - Qn(é)) (11)

Under H,, the three statistics have a x% asymptotic distribution. Valid hypothesis
tests and confidence sets can be constructed in a straightforward way. To perform
an asymptotically valid test of the hypothesis 6 = 6,, reject if the values of the test
statistics exceeds the appropriate Xi— j critical value. To construct an asymptotically
valid confidence set, invert the test based on Wald, LM and LR. That is, for example,
{6:W(0) < X%,l}’ {0:LM(0) < X%,l} and {0 : LR(9) < X%,l} are asymptotic 100(1—1)%
confidence sets, where X%J is the 100(1 — )% critical value of a x% distribution.
Hansen (1982) also suggested a specification test that relies on the objective func-
tion being minimized. The test of overidentified restrictions tests whether the moment

restrictions defining the model are satisfied. The test statistic is given by

J(é) =n- Q(éa Vn_l)
Under the null hypothesis that all the moments have expectation equal to zero at the
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true value of the parameter, the distribution converges to a x? with degrees of freedom
equal to the number of overidentified restrictions, m — k. To perform an asymptotically
valid test of the hypothesis E[q(w;, 0,)] = 0, reject if the values of the test statistics

exceeds the appropriate X%%k critical value.

4 Existing Alternatives to GMM

In Monte Carlo simulations of model designs and sample sizes similar to those considered
in real applications, evidence shows that GMM estimators are severely biased in finite
samples (see Altonji and Segal (1996) among others). Given such bias, it is natural to
expect that GMM'’s test statistics also have unsatisfying finite sample performance. This
intuition is in line with the findings of Monte Carlo simulations that show that GMM
based tests have empirical size that is hardly close to its nominal value. These findings
have triggered research on refinement methods and alternative estimation techniques
that may have better finite sample properties than GMM.

Since the seminal paper of Qin and Lawless (1994), the Empirical Likelihood (EL)
estimator has received much attention as an alternative estimator for moment-condition-
specified models. The EL estimator can be defined as the solution of a problem in which

the empirical moments are set to zero by weighting the observations, that is

R 1 n n n
0= {argngﬁxn EIOgm\ s.t. ;mqi(é?) =0, Zlm =1, m > O} (12)
1= 1= 1=

This maximization can be interpreted as a constrained Maximum Likelihood (ML) pro-
cedure applied to joint estimation of 6 and the parameters 7y, ..., 7, of a multinomial
distribution for n different types of data outcomes. As a ML estimator, EL inherits
the first order asymptotic properties of ML, particularly asymptotic efficiency. Qin
and Lawless (1994) showed that these properties are preserved when the underlying
distribution of w is continuous.

The logarithm in the objective function does not play a fundamental role in obtaining
efficient estimators. Kitamura and Stutzer (1997) suggested the Exponential Tilting
(ET) estimator; it is defined similarly to the EL, save that the objective function is
replaced by 7; log7; giving

n n n
0 = i Jlog ;| s.t. :qi(0) =0 =1, >0 1
{argrirl’l(?;m ogm;| s ;qu( ) , ;m , T > } (13)
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An important feature of ET is usually singled out: Y ; m; log m; is proportional to the
Kullback-Leibler Information Criterion (KLIC) and (13) can be seen as minimizing the
KLIC between the empirical distribution and the distribution implied by the constraints
on {q(w;, 0)}.

A third estimator that has been considered as an alternative to GMM is the Con-
tinuous Updating Estimator (CUE). The CUE is obtained as

6= {argrgiélnznjwf\ s.t.imqi(ﬁ) =0, i:m = 1} (14)

Notice that here the positivity constraint on 7; is dropped because the objective func-
tion is defined on the whole real line. Strictly speaking, the CUE was first proposed
by Hansen, Heaton, and Yaron (1996) who considered obtaining the GMM estimator
without using a first step estimator of the variance matrix; that is, he considered the

estimator that minimizes

n -9
Qn(0) = gu(6)' [i > %’(9)%’(9)/] an(0)
=1

NS show that arg mingcg @n(Q) is numerically equivalent to the estimator obtained by
solving (14).
The common feature of these estimation approaches is that they try to set the empirical
moment conditions equal to zero by weighting the observations. EL, ET and CUE differ
on the way the weighting scheme is found. In particular, while EL. and ET are defined
for m; > 0, CUE is defined for negative values of the weights, allowing solutions that lie
outside the convex hull of the data.

NS consider a generalization of EL, ET and CUE relying on a dual problem. They

consider the following problem

I B
max min ; b(Nqi(0))

where 9(+) is a convex function! defined on an interval V that contains zero and A,,(6) =

'In their specification they consider a problem definied as

. I~ v
min max ; p(Nqi(0))

for a concave function p(-) defined on V. Clearly the two problems coincide for ¢(z) = —p(x). The
formulation in terms of a convex function is kept here to stress the role of the convexity.
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{MNgq(0) € V,i=1,...n}. NS show that the estimator of this problem, which they call
Generalized Empirical Likelihood (GEL), is equivalent to EL for ¢ (z) = —log(1l — ),
to ET for ¥(z) = exp(z) — 1, and to CUE when v (z) = 2%/2 — z.

5 Minimum Divergence Estimators

The generalization of EL, ET and CUE estimators this paper considers is the class of
Minimum Divergence (MD) estimators. The idea is to generalize the objective functions
of EL, ET and CUE by considering the following problem

. ) 1 n n n
0= {al“gl;lbn - Z;y(mri) | 5.t. Zﬂ'iq(wi,@) =0, lei =1,m€ (avvb'y)} (MD)

=1

where v(-) is a divergence, weighting the distance between the 7’s and n~!. Let v,.(*)
denotes the rth derivative of v(-) and 7, denotes the rth derivatives evaluates at 1,
v, = 7,(1). Throughout the paper «(-) will denote a function that satisfies the following

requirements:

Assumption 1 (y): (i) v(-) is a strictly convex function v : (a,,by) — [—00,+00],
such that a, < 1 < by; (ii) (-) is twice continuously differentiable on (a,b,); (iii) the

minimum of y(z) is 0, attained at x = 1; (iv) 75 = 1.
In many cases of interests the endpoints of the domain of () are given by a,= 0

and by, = +o0, but in general the only requirement is that a, < 1 < b,. The assumption
of strictly convexity of v(-) over its domain could be relaxed at expenses of further
complexity. Notice, however, that strict convexity is sufficient to guarantee that the
problem as a unique solution 7;. Suppose 7 = (71, 72,...,7Ty) and T = (71, T2, ..., 7Tp)
are both solution to MD. Then, for any 0 < ¢ < 1, 7¢ = (& + (1 — ()7 is a feasible
solution. But if v(-) is strictly convex, Y ;" y(n TI'ZC) <O a)+ (A=) > y(n m),
that is a contradiction, since by 7 and 7 are both solutions. The condition on the the
second derivative of ~y(+) is imposed for convenience and it is not restrictive.

By setting y(z) = —logz +x — 1, y(x) = zlogz — z + 1 and (x) = 2%/2 — z, one
obtains MD problems that are equivalent to the EL, the ET and CUE respectively.

Considering this MD problem is interesting for two reasons. First, it clarifies the
role played by assuming different objective functions y(x) in (MD) in pinning down

optimal weights © = (my,...,7,) and the optimal 6 . Second, it allows the problem to
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be linked to the underlying probabilistic model implied by the set of moment conditions
considered.

The function ), y(nm;)/n is minimized over all probability allocations when all
m; equal 1. MD methods select, from all the 7 that are feasible, the weights 7 =
(%1,...,7Tpn) that are closer to a weighting scheme that assigns n ! to each observation in
the sample. The location of the estimated parameter is implicitly identified by the shape
of the divergence v(z). Intuitively, since under the model conditions m; ~ n~! as n — oo
and (1) = 0, the shape of the divergence does not determine the asymptotic behavior
of the estimator, but it does determine the finite sample location of the estimator of 6,,.

Probabilistic content to the MD methods is given by considering the collection of
probability measures (p.m.) on the random variables w; that satisfies the constraint on
the moments for a given § € ©. In the population, the problem can be reduced to that
of selecting a p.m. that is as close as possible to @), in some meaningful sense. Formally,

the stochastic model for the random vector w = (w1, wa, ..., wy) is defined as

g=1Jg0

0co
G(6) = {G : /q(w,e)dG _ o} (15)

For a given v define the following functional

fv(%)d@ if G<Q

400 otherwise

L(R,G) = { (16)

The functional I, (R, G), that is broadly speaking the population counterpart of (MD),
can be interpreted as specifying a divergence function between two probability measures,
R and G, and can be thought as generalizing the Kullback-Leibler Information Criterion
(KLIC), that is obtained by setting v(x) = xlogx. The population counterpart of the
estimation problem defined by moment conditions can be cast in terms of finding some
G € G that minimizes the functional I, (G, Q,), formally infgeg I, (G, Qo). If the model
is correctly specified (i.e. @, € G) then clearly Q, = infgeg I,(G, Qo). Similarly, if
Eqg,lq(w,8)] # 0 for 6 # 6,, Q, implicitly identifies 6,. Note that under fairly weak
conditions, when the model conditions are misspecified (i.e. @, ¢ G), the solutions to
Q+« = infgeg Iy (G, Q,) can be interpreted as the pseudo-true probability measure, in
the sense that it is the probability measure that satisfies the moment conditions and is

the closest to the true distribution.
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The discussion above makes clear the importance of studying the minimum diver-
gence estimation in (MD): it is the sample counterpart of a population problem that
solves for the probability that is closest to the true distribution of the data. In this
counterpart, the constraint [ g(w,6)dG = 0 is substituted for by Y ;' m;q(w, ) = 0, and
the true distribution @), is substituted for by the empirical distribution function that
assumes no ties.

This important feature of Minimum Divergence estimators allows us, in principle, to
consider estimation and inference in misspecified models. However, the MD formulation
is useful as long as a solution can be found by standard numerical methods. The next
section takes up the issue of deriving first order conditions for the general MD problem
and studies the relationship between the GEL class of NS and the MD class.

5.1 First Order Conditions and Duality

This section discusses the conditions under which the solution of a MD problem can
be obtained by standard Lagrangian methods. Lagrangian methods are known to solve
the ET, EL and CUE problems, but a general treatment has not yet been given in the

literature. The Lagrangian of (MD) can be written as

n n

£ m) =+ )~ XS ma6) ~n(> mi— 1)
=1

i=1 i=1
where A € R™ and 77 € R are the Lagrange multipliers associated with the constraints.
To further investigate the properties of the Lagrangian solution to the MD problem,
some additional notation is required. Setting to zero the partial derivative of £(0, 7, A\, n)

with respect to m; gives, for ¢ = 1,...,n, the following

Y1(nmi) = Ngi(0) —n =0 (17)

Similarly, setting to zero the derivative of £(6,m, A,n) with respect to 6 and assuming
that g(-,0) is differentiable on O, yields

> wiVoqi(0)A =0 (18)
=1
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The Lagrange multiplier 7 in (17) can be eliminated as follow. Multiplying (17) by m;

and summing over n gives

> mi(nm) = N> migi(0) —n =0
=1 =1

Using the constraint ). m;¢;(0) = 0, a solution must satisfy n = > """ | w7y, (nm;). Sub-
stituting this expression for 7 into (17) yields

n
vi(nm) =Y iy (nm) — Ngi(6) = 0
i=1
For any c € R, a solution to the previous expression is given by
T (nmi) = ¢+ Nqi(0)

since ¢+ Ng;i(0) — >0, mi (c+ XNgi(0)) — N¢; () = 0 for any c. It is very convenient to
set ¢ = 0. Such a normalization allows us to consider the various estimators delivered
by different choices of the divergence from a unified point of view. By the assumption
of strict convexity and by two times continuously differentiability of v(x) on (a, b,), it
follows that v,(-) is continuously differentiable and by strict convexity, v,(z) > 0 for
any = € (ay,b,). It follows that v(-) is monotone on (a,b,). Let A ={y:y=v(x),
x € (ay,by)}. The optimal m can be found by inverting the function ~,(-) whenever
there exists a A’ € R™ such that \N'¢;(0) € A, i = 1,...,n, since in this case by the

inverse function theorem .
T = g%@\’(h‘(e)) (19)

where here 7;(:) denotes the inverse function of «;(-). By substituting (19) into the
n

constraint Z miq;(0) = 0 and into (18), the following first order conditions are obtained

i=1
S R Na@)als) = 0 (20)
=1
Y RN a(0)Voa6)A = 0 21)
=1

Remark 1: The shape of the set A={y : y = v,(z), * € (ay,b,)} determines the
conditions under which the optimal solution (MD) is attained by Lagrange method. If,
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for a given sample, there not exist a € © and a A € R™ such that \'¢;(0) € A for
i = 1,...,n, the solution is not attained even if there exists a feasible solution 6 and
#(f). When A ={y : —00 < y < 400} the solution will be always attained (provided it

exists). The form of A has also statistical implication, as discussed in Section 8.
Remark 2: The normalization ¢ = 0 implies that when X'¢;(0) = 0, m; = 15,(0) = 1/n.

Remark 3: A side effect of the elimination of the Lagrange multiplier associated with
the constraint ;" ; m; = 1 is that at the solution the optimal vector 7 does not satisfy

the constraint, so that in general, > !'7; # 1. The optimal weight 7 satisfies the

n
constraint if Z 7iy1(na;) = 0. Since this is not generally the case, one needs to consider
i=1
the normalized weights
b, — _ 1WNai(0))
1T ~
>imi 1 (Nai(9))

Clearly if 7; = 15, (XN q;(0)) satisfies the first order conditions (20) and (21), the normal-

n
ized weights {w1,wa, ..., wy} still solve (20) and (21) and, by construction, Zwi =1.
i=1

Remark 4: The Lagrangian multiplier needs not to be eliminated. One can consider
explicitly 1. In that case the solution is attained by Lagrange methods if there exists
(n,\') € R™*1 such that n + N¢;(0) € A for every i = 1,...,n, and such that solves

the first order conditions
Ry ,
- 271(77 +Nqi(0))qi(0) = 0
i=1
1 = ~ ! !
- > A1+ Na(0) V()X = 0

=1

R
~> A+ Na(0) = 1
=1

and in this case no normalization of the weights is required.

The first order conditions (20) and (21) reduce to the well known first order condi-
tions for EL, ET and CUE.

Case 1 (Empirical Likelihood): For the EL, v,(xz) = —1/x+1. The inverse of 7y (-)
is given by Y, (y) = 1/1—y and A = {y: —oco < y < 1}, it follows that, if there exists a

[18]



A € R™ such that max;<, N'q;(0) < 1, the optimal weights are given by
T, = (1 — )\’qi(e))_l/n

Notice that for EL Y 1 miyy(nm;) = S0 (1 — Nqi(0)) "2 (=1 + Ng;(0))/n = 0, and hence

the normalization of the weights is not necessary, since by construction y ; m; = 1.

Case 2 (Exponential Tilting): The Exponential Tilting is obtained by setting v(z) =
zlogz —x + 1 and thus v,(z) = logz, A = {y : —o0o <y < 400}, and the optimal
weights are given by

m; = exp(Nq;(0))/n

The normalized weights given by

o exp(Nqi(0))
C Y exp(N g (6))

satisfy the constraint ;' m; = 1.

Case 3 (Continuous Updating): For CUE, v,(z) =2z —1, 1(y) =1+ y and A =
{y : —oo <y < 0}. The optimal weights are given by

i = (1+Ng(0))/n
and in this case too a normalization is required to satisfy the constraint.

A class of divergences that has received attention is the Cressie and Read (1984)

(CR) power-divergence class given by

+1
CR -1 1 1
="~ — -+ —co<a<
v () ot o) ax—l—a 00 < a < 400

The expression above is undefined for ¢ = —1 and @ = 0, and in these cases the
continuous limits

limlfyCR(:L‘) =—logz+x—1; lir%'yCR(m) =zlogx —z+1

o—— o —>

are used. The limits above correspond to the divergences that define EL and ET,

respectively. The divergence that defines the CUE is recovered by setting o = 1. It
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should be pointed out that not all the members of the Read Cressie class of divergences

are strictly convex. For a # 0, the first order conditions are given by
1 / 1/a
ﬁZ(lJrOM ¢:(0))"*qi(0) =0
i=1
1< / 1/a
~ > (14 aXg(0))"/*Voqi(6) = 0
i=1

Despite the elegance of the derivation, the analysis based on the first order conditions
have some undesirable features. In order to derive the first order conditions, an explicit
formula for the inverse of the first derivative of () must exist. This, of course, is not

the case generally. For example, consider the following divergence

a(l—a)(z—1)2
V@) = | TaleDtan-a) * # 1
0 z=1
for @ € [0,1] and @ = 1 — . This can be thought of as a generalization of the divergence

that delivers the CUE, obtained by setting o = 0. The derivatives of this divergence is

given by
2a(x — 1) aa(z —1)2

@) = TG T Gra@ oD

and clearly the inverse function is not explicitly available. Even when the inverse func-
tion is available, working with first order conditions has two considerable disadvantages.
From a computational point of view, as pointed out by Imbens (2002) in the context of
ET, calculating 6 by solving the first order conditions by standard numerical methods
can be problematic. From a statistical standpoint, investigating the asymptotic proper-
ties of 0 by using standard estimating equation techniques leads to imposing conditions
that are stronger than the ones needed to obtain consistency of the GMM estimator.
In this sense, the GEL representation of NS possesses both a computational and tech-
nical advantage. On the other hand, NS show that the GEL problem is equivalent to the
Minimum Divergence framework only in a special case, i.e. when the divergence belongs
to the Cressie-Read class. In an early version of their paper, NS conjecture that the
Cressie-Read family may be the only family of divergencies admitting a GEL represen-
tation, undermining the usefulness of considering divergences outside the Cressie-Read

class.
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Fortunately, it turns out that it is possible to obtain a GEL representation of MD
estimators that use divergences that do not belong to the Cressie-Read class. The
following theorem establishes the equivalence between the MD problem and the GEL

problem.

Theorem 5.1: If the MD problem given in (MD) has an interior solution, q(w,0) is
differentiable in 0 € © and 3.7 Fo(N'q;(0))qi ()@ (8)' is non singular, then the first order

conditions for MD coincide with the first order conditions of the following problem

N

B RN
Oger = Be6 ,\emAiI%e) n ; v(Xai(0))

where (-) is a strictly convex function defined on A given by
P(z) = 271 (2) —v(N1 ()

with ¢1(0) = 15(0) = 1.

As for all the results in the paper, the proof of Theorem 5.1 is given in the Appendix.
Theorem 5.1 shows that given a strictly convex and twice continuously differentiable
function ~(+), the MD problem that uses v(-) delivers the same first order conditions
as the GEL with an accurately chosen strictly convex function. A stronger version
of Theorem 5.1 can be proved that does not rely on the first order conditions and
simply establishes that any solution to the MD problem solves the GEL, avoiding the
assumption of ¢;() being differentiable in 6. Since in this general case, the proof is more
involved and since throughout this paper a differentiable moment function is assumed,
the more general result is omitted and the reader is directed to Ragusa (2004) who

explicitly considers duality with a nondifferentiable moment function.

Example 5 (Exponential Divergence): Consider the exponential divergence

v(x) =e* —ex

The domain of v is (—oo, +00) and v;(z) = e — e. The inverse function of v, (z) is
given by 7;(y) = log(e + y), and A = {y : —e < y < +o0}. By using Theorem 5.1, the
GEL problem that delivers first order conditions that are equivalent to MD is given by

Y(y) = (e +y)logle+y) —ey—1
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and 1 (x) is defined on A.

Remark 5: A similar result holds when the Lagrange multiplier 7 is not substituted

for v, but it is instead is explicitly considered by slightly changing the assumption of
n

~ ~ ~

Theorem 5.1. In particular, if Z%(ﬁ + X,qi(e))qi(e)qi(ﬂ)’ in non singular, the MD

i=1
first order condition coincide with the first order conditions of the problem

n

1
max min — + Ng(0)) —
ma mdn(e)n; [ (n+ Nai(6)) — ]
where A,(0) = {n, X :n+ Ng(0) € Aji =1,...n}, ¥(x) is a strictly convex function
defined on A, (#) and given by

Y+ Ngi(0) = (n+XNa(0)) 710+ Nas(0)) —v(F1(n + Nqs(0)))

However, in many circumstances an expression for the inverse function of the deriva-
tive cannot be given explicitly, and the form function ¢ (-) of Theorem 5.1 is unavailable.
Although Theorem 5.1 allows to see MD as GEL, it does not say if given a strictly con-
vex function 1(z) the GEL that uses 1 (x) as objective function corresponds to a MD

for a given divergence (-). Suppose (+) satisfies the following assumptions:

Assumption 2 (v): (i) ¢ (z) is a strictly convex function ¢ : (ay ,by) — [0,4+00),
ay < 0 < by; (i) ¥(x) is twice continuously differentiable on (ay, by); (iii) (0) = 0.

Let V ={y:y = ¢¥1(x), x € (ay,by)}. By the assumption of strict convexity and
by two times continuously differentiability of ¢(x) on (a,,by), it follows that () is
continuously differentiable and by strict convexity, 15(x) > 0 for any « € (ay, by), and
1 (x) is monotone on (ay,by). By the inverse function theorem, ¥, (y), the inverse

function of 1 (z), is well defined on V.

Theorem 5.2: Consider the GEL problem given by

S LN
max min ; (N ai(0)) (GEL)

where the function () satisfies Assumption 2(¢) and Ap(0) = {\ : Nq;(0) € (ay,by),i =
1,....,n}.Then, if GEL has interior solution for 6 and X\, and ¢;(0) is differentiable in
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0 € ©, there exists a strictly convex function ~y(-) satisfying Assumption 1(y) such that
the first order conditions of the MD problem are equivalent to those of the GEL.

The preceding result can be interpreted as the converse of Theorem 5.1 and it says
that MD estimators can be built from the “bottom-up” by specifying () and then
using this result to justify the problem in terms of divergence minimization. The duality
extends also to the value of the objectives functions v(-) and 9 (), as the following result

shows.

Theorem 5.3: Corollary 5.1: Under Assumption 1(v),

1 < R 1SN o s
—Y i) === (XN ai8))
n n 4
i=1 i=1
~ ~ N P
where 7; = 31 (A q;(0)) /n.
As shown in the next section, this result allows to characterize the asymptotic prop-
erties of estimators and test statistics in terms of the (MD) problem or equivalently in

terms of the corresponding (GEL) problem.

5.2 First Order Asymptotic Properties

In this section we discuss the first order asymptotic properties of MD estimators. The

following assumptions are needed to establish consistency of MD estimators.

Assumption A: (i) © is compact; (i) 0, is the only solution to Fq(w;,0) = 0; (iii)
q(+,0) is continuous for each 6 € © with probability one; (iv) E [sup(,E@ ||q(wi9)||2} < 005
(v) V, = E[q;(0,)q:(0,)'] is non singular.

Consistency of MD estimators can be proved under the same set of assumptions
under which consistency of GMM is generally derived. Other works have assumed a
slight stronger condition on the moment of g(w,#0,) than the usual condition on the
) < oo for a > 2.

second moment. In particular, NS assume that E(supgcg |/¢i(0)]”

The results of Theorem 5.4 are derived under the assumption o = 2.

Theorem 5.4: Let Assumption A hold. Then (i) the solutions of the constrained opti-
mization problem (MD), (7, 9), exist with probability approaching to one and (ii) 02 0,:
(iii) X = Op(n=/2); (iv) maxicn |\ ()] = 0,(1).

The following assumption is sufficient to show that 6 and \ are asymptotically nor-

mal.

[23]



Assumption B: (i) 0, lies in the interior of ©; (ii) q(-, ) is continuously differentiable
on S(0,,€), € > 0; (iii) E [supgee ||Vogq(wi,0)||] < oo; (i) T'y = E[Veq(w;,0,)] has full

column rank.

Theorem 5.5: Let Assumptions A-B hold. Then the sequence of solutions 0 and the

vector of Lagrange multiplier \ are asymptotically normal and independent with

0—0,\ d S, 0
A N (o,
where S, = (T V,7T,) and P, =V, 1(I,, — TS, IV, 1).

Theorem 5.5 makes clear that MD and OGMM estimators are first order equivalent.
That is, they are both asymptotically normal and they share the same asymptotic
variance S,. A notable difference between the class of GMM estimators and the class
of MD estimators is the following. The GMM class is indexed by W and only the
estimator associated with the sequence V! 2, V-1 is efficient. In the MD case, the
class of estimators is indexed by the strictly convex function v(-), but for each choice of
v(+) the resulting MD estimator is efficient.

MD estimators obtain estimates of the parameter 8, by selecting a probability com-
patible with the moment condition as close as possible to the estimated probability of the
data. It is not surprising that the (normalized) weights {w;} represent the probability
structure implied by the model. Let Qo(w) = [ Ty, <u)dQo and o = Qo(w)(1-Qp(w)).
Under the conditions of Theorem 5.5, the empirical distribution function given by
Qn(w) = n7 130 I, <w) converges pointwise to the p.d.f. of {w;} and has limiting

normal distribution described by
d
\/H(Qn(w) - Qo(w)) - N(O7 Uw)

Let M, (w) = >3 T, <w)@i, where & = (@1, W2, . . . , @y ) are the normalized MD weights.

Theorem 5.6: Suppose Assumptions A-B hold. Then M, (w) 2, Qo(w) point-wise and

M, (w) has limiting normal distribution given by
d _
\/H(Mn(w) - Qo(w)) - N(Ov Ow — Q(w)/‘/; 1Q(w))

where q(w) = [ 1w, <w)qi(wi, 05)dQo
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Comparing the variance of the asymptotic distributions of Q,(w) and M, (w) yields
that M, (w) is asymptotically more efficient than the empirical distribution function.

This is easily proved by noticing that g(w)'V, !

q(w) > 0, by positive definiteness of
V-1, The intuition behind this result is that the estimated c.d.f. based on M, (w) is
asymptotically more efficient than the empirical distribution function because it incor-
porates the information in Fg¢;(w;,0,) = 0.

Theorem 5.6 has an important implication. Sample counterparts of population mo-
ments can be weighted by weights {w; } that are proportional to efficient estimates of the

pdf of w. For example, the following expression gives a consistent variance estimator
& cr -1 ) L
Sy = (vaw— rw)

where T, = (Z?:1 (DiVqu(é)> and V,, = 327" ©iq(0)qi(f)'. Consistency follows by
noting that, by Taylor’s expansion, &; = 1/n + o,(n™!), and by triangular inequality

2 < 2@ = n @@ ()| +op(1)
i=1
< max n |wl -n 1’ -Op(1) = 0p(1)

w;i,i<n

and similarly wa — FOH = o0p(1). A robust estimator of V, is proposed by Imbens,
Spady, and Johnson (1998) and it is given by

_1 n
S T (nzquéqz@) Soa@aly @
=1

In the MD framework, inference can be conducted by using the usual test statistics
briefly discussed in Section 3. Suppose one wants to test an hypothesis concerning a
subvector of ,. For instance, let 6 = (0],605) where §; € ©1 C R? and 5 € O C RF ¢
and consider testing the null hypothesis H, : 01 = 01, versus Hy : 01 # 01,. The

constrained MD estimation problem is defined as

A n

Urs

N = = 0; =1, e ,b
(5 ) =y i {2 300m) 3003 =t |

(CMD)
Let I',r be a consistent estimator of E[V,qi(0,)], where Vg, q;(0,) denotes the m x d

matrix collecting the derivatives with respect to the restricted component of 6, and

[25]



S =1,V [, Then one can use the unrestrcted MD estimator §; and the restricted

the (restricted) weights @ to construct a Wald’s test using the variance S;rl
Waldw(é) =n- (91 - 9170) S’ (91 - 91 o) _’ Xd

or a Lagrange Multiplier test

LM, (0) = ng(0,) V' Tur Sur Do Vit (0,) S X3 (23)

A criterion based test can be constructed by using the objective function of the MD prob-
lem. An advantage of the LR test based on the objective function of the MD estimator

is that no estimation of the variance matrix is necessary to obtain a y? calibration.

Theorem 5.7: Let Assumptions A-B and Assumption 1() hold. Then

LR, =2 {Z [y(nity) — v(nfrz-)]} L3

i=1
where 7t; = ﬁl(ﬂlql(é))/n are the unconstrained weights and 1" = f’?l()\qu( r))/n are the

constrained weights obtained as solution of CMD.

Notice that the Likelihood Ratio statistics of Theorem 5.7 is expressed in terms of
the un-normalized weights 7;, but it could be also defined in terms of the normalized
weights ;. When a close form for the expression of the divergence is not available, test
statistics can be based on the dual function v (z), by considering the constrained GEL

problem

min Z (N q; (0 (CGEL)

01= 01 0792692 AEA, 91 0,92
where () satisfies Assumption 2(1)).

Theorem 5.8: Let Assumptions A-B and Assumption 2() hold. Then

:—z{& 0~ 3o }w

where (5\,,9,)’ and ()\ 0 ) are the unconstrained and constrained GEL estimates of A

rTyYr
and 0,.

The Lagrange multiplier itself can be used to construct test statistics. The intuition

is that if H, holds, the constrained Lagrange multiplier converges to zero, while if the
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null hypothesis does not hold the Lagrange multiplier converges to a value other than
zero. Let A, denote the constrained Lagrange multiplier associated with the problem
CMD or to problem CGEL. The following result holds under either Assumption 1(7)
if the Lagrange Multiplier associated with (CMD) is considered or under Assumption
2(¢) if the Lagrange multiplier associated with (CGEL) is considered.

Theorem 5.9: Let Assumptions A-B hold. Then under H, : 01 = 0

where Pr (@T) and Vwr(@r) are, under H,, consistent estimators of P, and V, respec-

tively.

A special case is given when one wishes to test hypotheses concerning the full vector
0,. Consider the null hypothesis H, : 6 = 0, versus Hy : 8 # 0,. In this special case the
MD problem reduces to

1 n
o )1 ‘
' = argmin { - g 1 ~(nm;)
1=

and hence only optimization with respect to 7 is required. Similarly, for the GEL, the

Zﬂ-iQ(wian) =0; Zﬂ'i =Lire (a%bv)} (24)
i=1 i=1

problem reduce to

XA (05)

min % S (Vai(0,))
=1

As (x) is strictly convex by Assumption 2.(1)), this is particularly convenient and the
numerical convergence to the solution is rapid.

MD techniques provide, as GMM does, a framework for testing the null hypothesis
of overidentification. Similar tests have been proposed by Qin and Lawless (1994) for
EL, by Kitamura and Stutzer (1997) for ET and by NS for GEL. If A and 0 denote the

GEL estimators and @; denotes the normalized MD weight, we have that

2 [Z v(m“w)] A
=1

and

-2 [Z w(X’qi@)] % Xk
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Imbens, Spady and Johnson (1998) consider test of overidentification based on the
Lagrange multiplier obtained from the ET and CUE problems. These test can be
extended to all MD [GEL] estimators.

Theorem 5.10: Let Assumptions A-B and Assumption 1(vy) [Assumption 2())] hold.
Then,

>

I~ s~ d

P, gAHX%@—k
d
—

|/

>

2
Xm—k

where Pw and Vw are consistent estimates of P, and V,,.

6 Bayesian Connections

In the previous sections it was shown that, under weak conditions on the moment
function g(w, #), MD methods deliver consistent and asymptotically normal estimators,
regardless of the specific divergence 7(-) chosen. An important issue is whether the
choice of the divergence can be given a probabilistic interpretation. This section shows
that the weighting implied by a divergence can be obtained by imposing a prior on the
space of distributions that support the sample moment conditions. The prior is derived
by the Maximum Entropy principle with respect to a reference distribution. For a fixed
0, different assumptions on the reference distribution deliver weighting schemes that are
equivalent to those obtained by using specific divergences.

Given the sample of observations w" = (wy, wa, ..., wy, }, define

n

n 1
QTL(U} )9;1/) - Ezq(wl)e)yl

=1

Let p(v™) denote a reference prior on v"™ = (v1,va, ..., Vy)

p(vi)

=}
—~~
R
3
N~—
Il
—s

The support of p(v™) can be either continous or discrete. We consider finding a p(v")
under which the sample moment conditions are satisfied in expectation. The tool to
find such a distribution is the Maximum Entropy principle introduced by Jaynes (1957,

1968). p(v™) is chosen in such a way to have the maximum entropy with respect to the
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reference prior p(v™). Consider the following set of probability distributions on v™

Py = {p(vn)\ /qn(w”,e; V)p(v"™)dv"™ = 0}

The maximum entropy p(¢™) is obtained by solving the following problem

min / log (p (”n)> p(v")do™ (25)

p(v|9)ePh p(v™)

where the integral over the vector v" is a shorthand notation for multiple integral.

Theorem 6.1: The solution to the problem (25) is given by

exp | £ 7 Na(wi, )vi] 5(0m)

y (V" w™, 0) = =
Pl ) Jexpl5; 327 N a(wi, 0)]p(vm)dvr

where X is the minimand of

1 o~/
min lo exp[— A q(w;, O)]p(r™)dv™
i 1og [ exply 3 Xaws 01500

where A (6) = {\: log [ exp[Z Y7 S\/q(wi, 0)]p(r")dv" < oo}.

Under p} (v™|w", ) the expected value of the sample moment conditions is zero. It

also holds that {v1,vs,...,v,} are independent as the following result shows.

Theorem 6.2: Under the p*(v"|w™,0), {v1,va,....,vn} are independent, each with dis-

tribution

pp(vilw™, 0) = exp[riv; — o(7i)]p(vil6)
where 7; = L3¢ S\Iq(w,-, 0) and
o(1) = log/exp(ﬂ/);ﬁ(y)du
and

\ = arg min ©(T4
)\Ef\n(H); (i)
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The term ¢(z) in Theorem 6.2 is the logarithm of the moment generating function

of v. A property of ¢(-) is that its derivative is given by

p1(ri) = / vi lexp(ravi) — o(rs)] plvs)dvs

Now consider the random measure induced by v"

n

= > Vid(w;)

=1

where 0(w;) denotes the Kronecker delta. Taking the expected value of u,, with respect
to p*(v"|w", 0) yields

Gu(w",0) = z v explrivi — o(r)|p(vi)dvid (w;)
= ansol(n)é(wi)

As n — o0, it can be shown that Gy, (wy,,0) converges in probability to the solution of

the following minimum divergence problem

dG
/Vw(dpo)dpo

st. [ q(w,0)dG =0

where 7,,(-) is a divergence that satisfies Assumption 1(7) and whose functional form
depends on the reference distribution p(v). Now we study the form of G, (w",8) for
specific reference distribution p(v™). For a given p(v™) the function ¢;(-) gives the
weights of EL, ET and CUE and other MD estimators. In practice, we need to care-
fully choose a reference distribution p(v) such that its logarithmic moment generating

function coincides with the weights of the MD estimators.

n

Theorem 6.3 (EL): If the reference prior is given by p(v™) = [ e™¢, that is {v1,va, ..., Vi }
=1

are independently and identically distributed as Exponential with mean 1, then

(1 — Nq(wi, 0) '8 (w;)

-

G(uw",0) =

SHE

=1



and

A= log(1 — Ng(w;, 0
argAeniir%)ZZ og( q(w;, 0))

and Ap(0) = {\: Ng(w;,0) < —1,i=1,...,n}.

Theorem 6.4 (ET): If the reference prior is given by p(v") = H vie Vi, that is

{v1,va,...,un} are independently and identically distributed as Pozsson with parame-
ter 1, then

= % Z eXp(S\/q(wz’, 0))d(w;)
=1

and

A= N (w;, 6
argAgAl%)g exp(Nq(w;, 0))

and Ap(0) = {\: —c0 < X\ < 4+00}.

n
Theorem 6.5 (CUE): If the reference prior is given by p(v") = [] ﬁe*”?, that is
i=1

{v1,v2,...,un} are independently and identically distributed as Normal with mean 1 and

variance 1, then
n
~!

G, 0) = + 371+ Na(wi, )
=1

and

A= Nq(w;, 0 1, 0))2/2
argkergug@Z{ q(wi, 0) + [Nq(w;, 0))/2}

and Ap(0) = {\: —00 < A < +00}.

Notice that the set A, () corresponds to the domain of the moment generating
function of the reference distribution considered in each case.

The results presented in this section allow to define a correspondence between a
reference distribution and the weights of EL, ET, CUE, and possibly of other members of
the MD class. Asin Kim (2002), one may also interpret G(w", #) as a limited information
measure. Using standard Bayesian arguments, the limited information posterior can be

based on the limited information likelihood. Let p(6) be a prior density of §. Then a



posterior can be derived from Bayes’ rule

(2

p(0fu) = p(uw") ™ {p(0) I g0 1.0))

where g, (w;, 0) = ¢1(7;) and p(w™) = [o p(0)g(w™, #)df. If the reference distribution is

an Exponential with mean 1, the limited information posterior is given by

(1 — Ng(w;,0)) ! (27)

e

p(0|w") o< p(0)

=1

where .
A =arg min —log(1 — Nq(w;, 0
gAeAn(o)Z; g( q(w;, 9))
If the reference distribution is a Poisson with parameter 1, the limited information

posterior is given by
p(lw") o< p(6) [T exp(Na(wi, ) (28)

where .
A = argmin 3 exp(XNq(w;, 0))
i=1

Limited information posteriors coincide with the posteriors one would obtain by replac-
ing the likelihood with the product of the weights obtained from Minimim Divergence
techniques. The posterior involving the weights of EL is analyzed by Lazar (2003). In
a very interesting paper, Schennach (2005) studies the Exponential Tilted Empirical
Likelihood, that is a posterior likelihood that arises from assuming a prior on the space
of distributions and corresponds to the posterior given in (28). In general, as long as
one is able to find distributions with moment generating functions that correspond to

the weights of the MD, one can always specify the limited information posterior as

3

o

p(Olw") o< p(0) 1 71 (A q(wi, 0))

(2

where )\ is obtained by solving

A= argiin 3006 (0)

and 1(-) can be obtained by duality from ~y(-). The analysis of this section suggests the

intriguing possibility of carrying nonparametric Bayesian inference in model specified
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by moment conditions that are overidentified.

7 Higher Order Expansions

In this section we explore the higher order properties of MD estimators. The analysis
is similar under some aspects to that in NS, but it also differs in many regards. Impor-
tantly, the emphasis is different. While they focus on the relation between GEL and
GMM estimators, we examine the higher order properties of members of the MD family
of estimators.

We look for an expansion of 8 of the following form

~

(0 —0,) = up + by + 1 + Op(n™2) (29)

where u, = Op(n~1/2), b, = Op(n~1) and 7, = Op(n~%/2). The terms in the expansion
are tractable, in the sense that they are expressed as sums and products of sample aver-
ages. Similar expansions have been carried out in the context of instrumental variables
models by Nagar (1959) and Hausman (2001) and Hausman, Hahn, and Kuersteiner
(2001), among others.

Definition 7.1 (Higher Order Bias): If an estimator 0 of 0, admits an expansion
as in (29), its O(n™1) bias is given by

A~

B_1(0) = Elun] + E|by]

However, to obtain an expression for the O(n~!) bias an expansion of order n—3/2

is sufficient

(0 = 0,) = up + by + O, (n3/?)

Definition 7.2 (Higher Order Mean Square Error): If an estimator 6 of 0, ad-
mits an expansion as in (29), the O(n=2) MSE is given by
./\/Lg(@) = E(upul, + uprl, + rpul, + bpbl)
A few remarks are worth making with respect to the higher order expansions. The

higher order bias and MSE obtained by taking expectation of the corresponding terms in
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the expansion (29) are equivalent to the bias and MSE obtained through a valid o(n~1)
Edgeworth expansion of \/ﬁ(é —0,), if the last term in the expansion is appropriately
bounded. The bias of order O(n~!) and MSE of order O(n~2) are defined as expecta-
tions of terms that are bounded in probability. Even if the remainders are bounded in
probability they can still diverge in expectation. As pointed out by Srinivasan (1970),
it is possible that an estimator posseses a valid asymptotic expansion, yet it does not
have finite sample moments. In this sense higher order comparisons of estimators could
be misleading. This is important in the context of MD estimators. For instance, in a
linear simultaneous equations setting, Kunitomo and Matsushita (2003) show that the

Empirical Likelihood estimator does not have finite moments.

7.1 Asymptotic Bias

Asymptotic expansions require that additional moments of the underlying distribution
of the data exist. Given the nonlinearity of the estimating equation defining the MD es-
timators, the terms in the expansions (29) are not simple functions of w and smoothness
assumptions must imposed on g(w, ).

The following notation is used. The partial derivatives with respect to 0, j =
1,...,k are denoted by ¢! (0) = (9/90;)q:(6) and ¢} = E[q (6,)]. The second derivatives
with respect to §; and 0, j,r =1,...,k are qgr(ﬁ) = (0%/96;00,)q;(0) and g = qg””(eo)

. The higher order derivatives are defined accordingly.

Assumption C: There is a € > 0 and B(w;), E[B(w;)’] < oo such that for any
0 € S(0,,€) and any j,r,s = 1,...,k: 1) supyee [1¢:(0)| < B(w;); ii) ¢/ (0) exists;

)

i66) ¢/ (6) — 21| < Blwy); iv) " (9) — i’ | < Blws): v) ™ (6) il < Blw:)|6 — o]

7

v) (+) is four times differentiable in a neighborhood of 1.

We first provide the O,(n3/2) expansion of (§ — 6,) and of . Let B, = S, IV, !,
Un = By >0 qi(00)/n, by = Po Y 1 qi(0,)/n. The vectors Vi and Vj are of size k x 1 and

m X 1 and their expression is given in the Appendix.

Theorem 7.1: Suppose Assumption A-C hold. Then the MD estimators and the asso-

ciated Lagrange multiplier admit Op(n*S/Q) erpansion

(0 = 0,) = uy, + 00 + 0, (n%/?)



and
A =1, +b)+0,(n3?

where

1 1
b = —B,Tpun + Sol i, — BVl + 390V1 = 5BoV>

1 1
b\ = Plaun+ B, + PVl — 5Bgvl —5FPoVs

There are minor differences between the result of Theorem 7.1 and the expansion
given in NS. First, they derive the asymptotic bias from the O,(n~2) expansion and
thus they have to make stronger assumptions on the moments of the derivatives of the
moment functions. Here, we follow Rilestone, Ullah and Srivastava (1996) and derive the
bias from the Op(n_3/ 2) expansion, avoiding making assumptions on fourth derivatives
of the moment function. Second, NS consider the expansion of the vector ((§ — 6,)’,\),
while Theorem 7.1 gives an explicit expansion for (§ — 6,) and A.

The bias up to order Op(n~1) of MD estimators is obtained by taking the expectation
of the first term in the expansion for (0 — 6,). Let a be the m x 1 vector whose element
7 is given by

a; = Trace { S, E [0%q;;(0,)/0000'] } /2

where ¢;;(6,) denotes the jth element of ¢;(6,).

Theorem 7.2: Suppose Assumption A-C hold. Then the asymptotic bias up to order
Op(n=1) for a MD estimator of 0, is given by

Boa@®)=nt o+ (1- Lyn) ) (30)
where by = B, {F [Vqi(0,)Boqi(0,)] — a} and ba = BoE [¢i(05)qi(0,) Psqi(0,)].

The formula for the bias of MD estimators given in Theorem 7.2 is analogous to
that of NS for GEL estimators. There, the bias involves a parameter that depends on
the function v (-) that characterizes the GEL estimators; here it depends on the third
derivatives of (-). Using the result in Theorem 5.1, it follows that, under Assumption
C, 13(0) = 3(1). In the Cressie Read family, the only estimator with ;3 = 2 is EL.

The bias depends also on the curvature of the model through the term a(6,). For
highly nonlinear models the bias induced by this term can be relatively large. When
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q(w,0) has non zero generalized third moments, only MD estimators with y; = 2 get
rid of the bias induced by the asymmetries of the moment functions.

The bias corrected estimator can in theory be obtained by looking at the sample
counterpart of the expressions involved in the O(n~!) bias formula given in Theorem
7.2. If 0 is the original MD estimator, b1 (6,) and by(6,) can be estimated by

by = n'B, <Zveqz‘(é)3ntﬁ(9)—@(9)>
=1

by = n7'By ) ai(0)ai(0) Paai(6)
=1

where Bn, S, and P, are sample counterparts of B,, S, and P,, respectively. As pointed
out by NS, the sample terms involved in the expression above can be weighted by the
efficient estimated probabilities given in Section 5. The assumptions that need to hold
in order to derive the O(n~3/2) expansion of (6 — 6,) are also sufficient for by and by to
be consistent estimator of b1(6,), b2(6,). It follows that the bias corrected MD estimator
defined as

Ope = 6 — L {131 (1 %)62} (31)

is unbiased of order O(n~!). The formula of the bias correction simplifies when 75 = 2,
because one needs not to estimate the term 32.

From an applied perspective the bias correction can be a difficult exercise, but
nevertheless it is a feasible strategy. The critical point is rather to assess if the bias
correction can lead to substantial improvements. For example, Hahn, Hausman and
Kuersteiner (2002) present Monte Carlo simulations of the Nagar’s bias adjusted IV
estimator that show that the bias correction may be ineffective over many points in the
parameter space considered. On the other hand, Rilstone, Srivastava, and Ullah (1996)
apply bias correction to nonlinear logistic regressions and show through Monte Carlo
that in these situations the bias correction can lead to substantial improvements.

An interesting result is that in the important special case of nonlinear instrumental
variables models, the first order conditions of MD can be slightly modified in order to
deliver estimators that have smaller bias than the original MD.

Let consider
¢i(w;, 0) = zig(w;, 0) (32)

where g(x;,0) : X x R¥ — R and {z;} is a m x 1 vector of random variables such that
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Ezig(x;,0,) = 0. Let G;(0) = Vog(x;,0).

Assumption IV: (i) {x;, 2} are iid random variables; (ii) 6, lies in the interior of ©;
(iii) E(z;z}) has full column rank; (iv) El|z|*> < oo; (v) gi(6) is continuous for each
0 € S0, €); (Vi) Elsupgee llgi(0)|°] < oo (vii) Elsupgee [|Gi(0)|] < oo; (viii) oy =
Elgi(0,)Gi(00)]z];(iii) 02 = Elgi(00)|zi] (ix) 03 = Elg(24,0,)?|z]; (ix) Assumption C-D
holds with ¢(w, 6) replaced by g(z, ).

Under Assumption IV, the MD estimator is consistent and asymptotically normal
as it can be easily seen by comparing the conditions given for the general case. The bias

for this model is given by the following result.

Theorem 7.3: Under Assumption IV the bias of the MD estimator is given by
& 5~ gl
B_1(6,) = Soagg/ag — Boa+ (1 — ?3)0302 (33)
where a is the £ x 1 vector whose element j is given by
a; = Trace(S,E(0/0000')gi(0,)2i;)

and 0% = F(22P,2).

The expression for the bias in (33) specializes immediately to the bias of the ho-
moschedastic linear IV as given by B_l(é) = —SOE(a:isi]zi) /o2, that, as mentioned in
NS, is the bias of the Limited Informtion Maximum Likelihood estimator. Now consider

the estimator that solves the following equations

0 = 35 (Nag0) (a0 (1)
=1

0 = 3 AN GG 6) N (3)
i=1

for some xk > 0. For k = 1, these estimating equations are equivalent to those of MD

estimators given in (20) and (21).

Theorem 7.4: Let 6 and X be the solution of the estimating equations in (34) and (35).
Then 0 = 6, + op(1) and has asymptotic bias given by

Y3

BAQy:@Qﬂﬁﬁ%—B@+4L-2

Jogo?
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where kg = k(m — k) — (m —k —1).

The above result shows that the first term of the bias can be eliminated by setting
k= (m—k—1)/(m — k), so that the asymptotic bias of the estimator solving (34)
and (35) reduces to B,a + (1 — 773)0303 If 73 = 2 the bias reduces to B,a(f,) and it
vanishes when the model is linear, since then a = 0.

It is difficult to express the estimating equations as first order conditions of an
optimization problem in the MD framework. If one considers the GEL representation,

equations (34) and (35) can be obtained by considering the following nested optimization

problem .

\O) = arg min > 0ui0)
and .

6 = argmax % > w(rA0)a:(6))

It is easy to verify that this nested problem gives first order conditions that are equivalent

to (34) and (35).

7.2 Mean Square Error

Adapting the argument in Pfanzagl and Wefelmeyer (1979), NS show that the O(n™!)
bias corrected EL estimator is third order efficient, in the sense that it has the lowest
O(n~2) MSE among all the bias corrected estimators based on the same set of moment
conditions. The higher order efficiency of EL only holds among bias corrected estimators.
If the bias corrections are dropped, then EL may not have the smallest MSE.

In many applications, however, the bias term b2(6,) can be large and hence it is
interesting to consider MD estimators with v3 = 2. Even if a direct comparison of
higher order MSE of MD estimators is difficult in the general case, it turns out that if
one restricts attention to the subclass of MD estimators with 3 = 2 some interesting
results can be given.

Comparing the higher order MSE of MD estimators with v3 = 2 amounts to verify
whether other members of this class share the same higher order efficiency. Let 6.; denote
the EL estimator and 0,,; any other MD estimators and let B,l(éel) and Bfl(émd)
denote the O(n~!) bias of EL and MD respectively.



Theorem 7.5: If the estimator 0 admits a Op(n=2) expansion, then

%>

M50 — B-1(0c1)) — M_2(0mq — B-1(01ma))
= M_5(0c) = M_3(0ma) — B-1(0a) B—1(01) + B-1(01ma) B-1(0ma)

If MD estimators with 3 = 2 are considered, Theorem 7.5 yields that
M_5(0et — B-1(0er)) — M—3(0ma — B-1(0ma)) = M_2(0er) — M_3(01ma)

since in this case B_1(0¢) = B_1(0mq). It follows that a bias corrected MD estimator
with 73 = 2 has the same higher order efficiency of EL if the uncorrected estimator has
the same O(n~2) MSE of EL, that is when

M_3(0e) = M_2(0,mg) = 0

Considering the difference in higher order MSE simplifies the calculations and allows to
give a general results about efficiency. The following assumptions are needed to obtain

a valid expansion of order O(n~2).

Assumption 3: Assumption D: There is an € > 0 and B(w;), E[B(w;)®] < co such
that for any j,r,s,h = 1,...,k: 1) Supges(em lgs ()]l < B(w); i) q]rs( ) exists on

S(0os €); 1) suPges (o, o) qu( ) — @l < Blwy); iv) supges, .ol (0) — @' < Blw;);
rs s jrsh jrsh
v) SUPges(a,.0) 1] (0) — @I < Blwy); vi) [lg""(8) — ™" || < B(w:)[|0 — 0,]| for any

0 € S(0o,€); v) v(+) is five times continuously differentiable in a neighborhood of 1.

Theorem 7.6: Suppose Assumption A-D hold. Then MD estimators and the associated

Lagrange multipliers admit O(n~2) expansion of the form

~

(0 —05) = up + 0% + 70 + 0,(n"?)

Further, if Omq is an MD estimator with 5 = 2, then



where q?T(OO) = E[qnj(05)qn.r(00)qi(00)4qi(0,)"] and 7, is the fourth derivative evaluated

at 1 of the divergence from which 0,,q is obtained.

A consequence of Theorem 7.6 is that in general the O(n~2) MSE of EL is different
from that of other MD estimators unless the MD considered is obtained from a diver-
gence with 7, = 6 (for EL, 74 = 6). In this EL and MD are equivalent up to O(n~2) and
they have the same asymptotic variance to that order. It turns out that MD estimators

—3/2

that are equivalent to EL up to order n also have the same higher order MSE.

Theorem 7.7: Suppose Assumptions A-D hold. If 0,,4 is an MD estimator with v = 2,
then
MSE(0e) — MSE(B,q) = o(n™2)

This is a very interesting result that has two substantive implications: first, that all
the members of this MD subclass with v3 = 2 are third order efficient after the bias is
removed; second, that third order efficiency is an inadequate criterion for prescribing
which specific estimator should be used in applied work. If one insists on consider-
ing estimators that have the same bias as EL estimators, then another criterion must
supplement third order efficiency.

It can also be verified that the when 3 = 2 the estimator that solves the first order
conditions (34)-(35) is third order efficient having the same O(n~2) MSE than EL.

8 Robust Higher Order Efficient Estimators

In the previous section it was shown that any MD estimator with 3 = 2 has the same
O(n=2) MSE. This section discusses how third order efficiency may be complemented
by another property that can imrpove the finite sample performance of MD estimators.

Recall from Section 5 that the Minimum Divergence problem cannot always be solved
by Lagrange Multiplier methods. A requirement that was imposed is that there exist
A € R™ and 0 € © such that

~) ~

Na) € Ai=1,....n
= {y:y=71(2),7 € (ay,by)}
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and such that

Features of the set A have statistical implications. MD estimators that are defined
from divergences that imply a A = {y : —0o0 < y < +oo} are robust relatively to MD
estimators defined from divergences that imply a set A with at least a finite endpoint,
because in this second case the Influence Function (IF) of the estimator can become
unbounded even when ¢(w, 6) is bounded.

Hampel, Ronchetti, Rousseeuw, and Stahel (1986) show that the influence function

of an estimator obtained as solution to the estimating equation

n

Z s(zi,0) =0

=1

for a specified function s(-) is proportional to the estimating equation, so that

IF(2,0,)) = —E [8822’,6)} - s(2,6)

Euristically, the Influence Function measures the asymptotic bias caused by fractional

data contamination. It is known that an estimator # whose influence function is un-

bounded may have an unbounded asymptotic bias under single point contamination.
When evaluated at the true parameter values 8 = 6, and A = 0, the IF of any MD

estimator is then given by

IF(w,0,,0) = —

Bogn(0,) ]
Pan(eo)

However, when evaluated at A = ¢, the IF of MD is proportional to the weights and
hence can become unbounded if the weights are not defined for every value of A. Hence,
MD estimators with 4 = {y : —00 < y < 400} are preferable because their influence
function is less sensitive to deviations of A from its asymptotic limit. For ET and
CUE A = {y: —00o < y < 400} and the IF will be bounded in A, while for EL
A={y:—o00 <y < —1}and the IF is unbounded in A\. Considering MD estimators with
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bounded IF have two main advantages. First, the asymptotic expansions are polynomial
in the influence function. If the IF can become unbounded for relatively small deviations
of A from its limit, the higher order ranking of estimators can be entirely misleading.
Second, test statistics based on MD estimators with bounded influence function should
have better size properties. This intuition is indeed confirmed by the finding in Imbens,
Spady, and Johnson (1998). They show that test statistics based on ET tend to be
superior to the same statistics based on the the third order efficient EL. Their findings
support the view that the influence function could be important in determining the
small sample behavior of estimators and related test statistics.

Another reason to consider MD estimators whose divergence implies A = {y : —o0 <
y < +oo} is related to the existence of the asymptotic variance of MD estimators in the
presence of global misspecification. When the moment function is unbounded in w, that
is infpce sup,, ||g(w, 0)|| = +o0, Schennach (2003) shows that ET asymptotic behavior
is robust to misspecification, while EL does not have finite asymptotic variance.

It is very interesting to consider estimators that combine the superior higher order
behavior of EL with the properties of having a bounded IF in A. Since we know from
Theorem 7.7 that all MD estimators with v3 = 2 have the same higher order efficiency
as EL, the task is to find a divergence v(:) with 753 = 2 and such that A = {y: —oc0 <
y < 4+oo}. It is difficult to derive a divergence with a closed form solution that satisfies
the above conditions. However, we can study the MD estimators obtained as solution

of the dual problem

B R
mex min o ; V(N qi(0)) (36)

where 9(-) satisfies Assumption 2(1)) and A,(0) = {\: N¢;(0) € V,i=1,...,n}. By
Theorem 5.2, the estimator associated with problem (36) corresponds to a MD estimator
defined from a strictly convex divergence. Constructing a MD estimator with bounded
IF in ) is equivalent to find a strictly convex function satisfying Assumption 2(1)) and
such that the endpoints of V = {y : y = ¢y (z),x € (ay,by)} are infinite.

Since ET has bounded IF, we consider modifying the ET objective function as in
Y(v) = exp(h(v)), where h(:) : R — R is three times continuously differentiable on R
and such that h(0) = 0. The first derivative is given by ¥(v) = exp(h(v))hi(v). In

order to have bounded influence function the function A(-) must satisfy

{y:y=hi(z), ze R} =R
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In order for the estimator defined in (36) to have the same bias of EL, it must hold that

8% exp(h(v))n (v)
03%v

=2 (37)
v=0
Assumption 2(7)) also requires that hi(0) = 1 and h2(0) = 1. By expanding the deriv-
ative in (37), it follows that the function h(-) must solve the following local differential
equation
3n"(0) + A" (0) =1

A function that satisfies the following restriction is given by

It is easy to see that h(v) is continuously differentiable, h(0) = 0 and h;(0) = 1,
h2(0) = 0 and h3(0) = 1. The function 3(e¥ — e~?) is usually referred to as hyperbolic
sine and denoted as sinh(v).We name the problem in (36) with ¢(z) = [exp(sinh(z))—1]
as Hyperbolic Tilting (HT) by analogy with the Exponential Tilting from which it

originates.

Definition 8.1 (Hyperbolic Tilting): The Hyperbolic Tilting (HT) estimator is de-
fined as the solution of the following problem
max min ! Zn:[exp(sinh()\’qi(e))) —1] (38)
/cO A 1N =

Since the divergence that corresponds to i(x) = [exp(sinh(x)) — 1] is such that
73 = 2, the HT estimator has the same O(n~2) MSE of EL. Differently from EL, the
HT estimator has bounded influence function.

Clearly, HT is not the only estimator that has bounded influence function and is
third order efficient. Many other estimators could be given by solving the local differ-
ential equation above and making sure that the resulting function has derivative with
unbounded domain. We focus on the HT because from Imbens, Spady, and Johnson
(1998), we know that ET has nice finite sample properties in terms of size of resulting
statistics for testing overidentified restrictions and restrictions on the paramaters. The
choice between EL and HT should be based on the comparison of the actual asymp-
totic performance of estimators and test statistics and their performance in simulations,

which is what the remainder of this paper is devoted to.
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9 Numerical Examples

This section provides some simulation evidence on the performance of MD estimators.
To explore the perfomance of the estimators and their associated test statistics we
consider the experimental design of Hall and Horowitz (1996). This experiment has
also been considered by other authors. Imbens, Spady, and Johnson (1998) explore the
performances of statistics designed to test the null hypothesis of overidentification. They
consider only the ET estimator and the CUE. Kitamura (2001) considers the power of
the likelihood ratio test based on EL.

In each Monte Carlo replication a vector (wy,ws) is drawn from a bivariate normal
distribution with zero correlation coefficient, both means equal to zero and variances
equal to 0.16. Given these random variables, we consider the following moment condi-
tions

E[r(wl,wg,é)(l,wg)’] =0 (39)

where
r(w1,ws,0) = exp(—0.72 — (w1 + wz) + 3wz) — 1

Given the m = 2 restrictions in (39), the objective is to estimate the k = 1 parameter

#. The true value of the parameter is 6, = 3, since
Elexp(—0.72 = 3w;1) — 1] =0

and
Elexp(—0.72 — 3wy )wy — wz] =0

We do not consider more complicated models to avoid computational problems that may
arise from the nonlinear nature of the problem considered. For the same reason, the
CUE is not considered because it shows a very erratic behavior, as already reported by
Kitamura (2001) and Imbens, Spady, and Johnson (1998), which could bias the ranking

of estimators and test statistics.

9.1 Estimators

Table 1 reports the basic statistics of the estimated parameters for sample sizes n =
50,100,200. The statistics reported are the mean, the median, the square-root Mean
Square Error (RMSE), the Mean Absolute Error (MAE) and the Interquartile Range
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(IQR). The MD estimators considered are EL, ET and HT. For comparison purposes,
we also report the GMM estimation results.

For both sample sizes considered in the experiment, the GMM estimator has larger
bias and larger RMSE than all the three MD estimators considered. GMM also performs
worse than ET, EL and HT in terms of MAE and IQR. The performance of the MD
estimators is very similar for n = 200. In contrast, at the smaller sample size EL is the
preferred estimator based on the statistics given in Table 1. As predicted in Section 7,
the bias and the RMSE of HT are very close to that of EL, while ET shows larger bias
and larger RMSE.

Table 1 consistent with the prediction that differences between MD estimators are
of smaller order than the difference between GMM and MD. Although only this simple

experiment is reported, these qualitative findings are robust to other settings.

9.2 Overidentification Tests

In this section we analyze the performance of statistics based on MD estimators for
testing the null hypothesis of overidentification. First, we consider the criterion based

statistics for EL, ET and HT whose expressions are given, respectively, by

la = —2n logll — Ngi(0)]
=1

1 <& A
Lot 2n (n ;21 exp[A ¢;(0)] )

by = on (:L S explsinh(Vg:(9))] — 1)

=1

Second, we examine the performance of two LM statistics for each MD estimator con-
sidered. Both these statistics use the estimated Lagrange multiplier, but they differ for
the choice of the variance. LMf, u = el, et, ht denotes the LM statistic constructed

using the robust variance estimate discussed in Section 5

n n 1
VR = Zlabiqz'(é)%(@)' (n;@?Q¢(9)Qi(é)/> ;@i(h(é)%(é), (40)



that uses the estimated probabilities obtained from EL, ET and HT. LM? u = el, et, ht

denotes the statistics constructed using the simpler variance estimate

Vo = Z @iqi(0)q:(0)’
i=1

Finally we consider average moment tests: the J-test based on the GMM estimator

Hgmm
-1

R 1 & . . .
ngm =n: Qn(agmm), a Z Qi(egmm)%(egmm)/ Qn(egmm)
i=1

and its modified versions

~

I =1 40 (Oma) VeOma) " 4 (Orma)

where Vi(fmq) is the robust variance in (40) based on MD estimators (u = el, et, ht).
Results of Monte Carlo simulations are given in Table 2. In general, the LM multi-
plier version of the test is superior to both the LR type tests and average moment tests.
The LR type tests have better size than either Jy,,,, and its modified versions that use
the MD estimators. The ranking of the different LM type tests depends on both the
sample size and the nominal size («) considered. The empirical size of EL based LM
statistics tends to be closer to the nominal size for large value of a. When n = 100, the
LMy is superior to all the other form of the tests whenever o < 0.15. When o > 0.15,
the distribution of LM,ﬁ shows very close agreement with the reference distribution.
When n = 200, the other version of the EL based LM test is superior to the other
tests for a > 0.2, but similarly to the n = 100 case, the LM ,ﬁ test is again superior
when « < 0.2. Imbens, Spady, and Johnson (1998) also consider an average moment
test based on the CUE. In their simulations, this test shows very good properties. A
comparison of Table 2 with their Table II, though, shows that the Lagrange multiplier
test based on the Hyperbolic Tilting has also better size than the CUE based test.

10 Conclusion

The first important result of this paper is to provide a unifying framework for the
several techniques that recently have been proposed in the literature as alternatives to
the traditional Generalized Method of Moments. Different techniques are presented and

compared as members of a general class of Minimum Divergence (MD) estimators, and
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an interesting relationship between this class and the generalized empirical likelihood
(GEL) class of Newey and Smith (2004) is found: every MD estimator has a GEL
representation and, conversely, every GEL estimator can be represented as an MD
estimator. Previously, this relationship was only known for the Cressie-Read family of
divergences, whereas here it is shown to hold for every strictly convex divergence.

The properties of the members of the MD class are analyzed with the goal of iden-
tifying an optimality criterion that guides the choice of an estimator from this class.
While consistency and first-order efficiency are traditionally proposed as optimality cri-
teria, they are not sufficient when comparing estimators that share the same first-order
asymptotic variance, as do the GMM and MD estimators. A key finding of this paper is
that all MD estimators sharing the asymptotic bias of Empirical Likelihood (EL) have
the same higher order Mean Square Error, implying that even third order efficiency is
not a compelling criterion.

I propose the boundedness of the influence function of the MD estimator as the
criterion for selecting an estimator from the class of third order efficient estimators. De-
spite desirable higher order properties, EL does not have a bounded influence function.
Monte Carlo simulations show that considering MD estimators that are both third order
efficient and have a bounded influence function delivers statistics that have strikingly
good size control for testing hypotheses. In particular, Lagrange Multiplier test based
on the newly proposed Hyperbolic Tilting estimator, perform much better than the
standard tests and test based both on EL, ET and CUE.

Finally, this paper suggests a couple of issues that would benefit from future research.
From the present analysis, one may question what other possible characteristics may be
useful in distinguishing between divergences: in particular, what might we learn from the
direct analysis of the Edgeworth expansions of the test statistics? In addition, can the
Bayesian perspective on weighting schemes (implied by different choices of divergences)
give more guidance on selecting a “good” MD estimator for some particular or general
applications? The framework built here is hopefully a useful basis from which to research

these and other topics.
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Table 1: Properties of GMM and MD Estimators, 5,000 Replications

Estimator Mean Median RMSE MAE IQR

k=1,m=2n=200,0,=3

EL 3.032 3.038 0.204 0.161  0.270
ET 3.039 3.048 0.207 0.163  0.273
HT 3.033 3.039 0.204 0.161  0.271
GMM 2.963 3.009 0.523 0.235 0.281

k=1, m=2,n=100,0,=3

EL 3.068 3.040 0.302 0.234  0.392
ET 3.087 3.054 0.313 0.241  0.400
HT 3.072 3.043 0.304 0.237  0.397
GMM 2.966 2.967 0.763 0.379  0.4251

EL 3.119 3.078 0.460 0.340  0.550
ET 3.154 3.104 0.514 0.366  0.565
HT 3.128 3.083 0.474 0.350  0.567

GMM 2.844 3.021 1.019 0.558  0.594
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A Mathematical Appendix

Proof to Theorem 5.1

Since, by assumption, the solutions of the MD problem are interior we have that
j\q(w, é) € A, where
A={y:y=7(z),2 € (ay,by)

and hence 7; = ’yl(j\,qi(@)) /n, and if ¢;(0) is differentiable in 6, A and 0 solves the

following first order conditions

> #iqi(0) =0; Y #iVeqi(0) =0
=1 ;

=1

Consider the following GEL problem

Rl P % ;(A'Qi(f)))il(k’qz'(H)) — v (Na(9)))

where A, (0) = {A\|Nq:(0) € A,i =1,....,n}. First of all, notice that

is well defined on A. By the Inverse Function Theorem and strict convexity of v(-) on

(a’yvb’y)’

Oy () _ 1 =0

Oz 7a(N1(2))

for z € A, and hence 9 (-) is strictly convex on x € A. The first order conditions for A

are given by
1 < R
EZ%(X%(Q))%(G) =0 (41)
i=1
that corresponds the first order conditions for A in the MD problem. Since

~

> 4@ a (072X a:(0))
=1

is non singular by assumption then there is a neighborhood of 6 where 5\(9) that solves

(41) exists and it is continuously differentiable in a neighborhood of 6. By the envelope
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theorem, the first order conditions for # are then given by

1
— > Ti(Na(wi, 0))Voai(0) A =0
i=1
and the result follows.

Proof to Theorem 5.2

Let V={y:y =1¢(x),z € (ayp,by)} and consider the function

(@) = athy () = (¥ ()

that is well defined on V. Strict convexity follows as in the proof of Theorem 5.1 by
noting that strict convexity of ¢ (-) implies

05() _ 1 >0

O IONCINED))
By Assumption, there exist A € R™ and 6 € © such that {X,qz(é) €V,i=1,..,n} and

satisfy the first order conditions

The MD problem

1216n % Zzn; {nm{bl(nﬂ'i) - ¢(TZ}1(”7U))}

s.t. qui(ﬁ) =0; Zm =1
i=1 i=1
has first order conditions given by
dy(nmi) = 1+ Ngi(0)

> wiVea(d) = 0
=1



Notice that v; = ¢, (1) = 0, since by assumption t;(0) = 1 and v = 1)5(1) = 1 since

2 =all) = ) T )

Setting the Lagrange multiplier = 0, by hypothesis there exists AeR™and 0 € ©
such that Ng;(0) € V ,i =1,...,n and hence by inverting 11 (-)

mi = 1 (Vai0)

and the conclusion follows.

A.1 Proof to Corollary 5.1

The reults follows from the definition of ) (-),

~ ~ ~l ~/

(N qi(8)) = Nai(0)3, (N s(9) — (31 (N as(8)))

Summing over ¢ = 1,2, ...,n and using ) ;' :yl(ﬂlqi(@))qi(@) =0 yields

LY e a@) = >0 Ga(Vald)
i=1

i=1

as required.

Proof to Theorem 5.3

The consistency follows from using the duality results established in the paper and using
the result of NS for GEL. To relax their assumption E[supgeg ||q(w,0)]|%] =0, o > 2
required by their Lemma Al, it is sufficient to show that Assumption A.(iv) implies
maxgeo i<n ||q(wi, 0)|| = 0,(n'/?). This can be shown along the lines of Owen (1990).
Since supyeg E([lq(w,0)||?) < oo for 6 € © implies that > o0, P(supgee |lg(wi, 0)[|* >
n) < oo and hence that 5%, P(supgeg |lq(w;, 0)| > n'/?) < co. By applications of
the Borel Cantelli Lemma, {supgcg [q(wy, )| > nt/ 2} finitely often with probability 1.
Also, for any A > 0, {supyee ||lq(w;, 0)|| > An'/2} finitely often and hence

lim { sup sup[|g(w;,0)|[}n""/* < A
n—00 " 1<i<n gcO



holds with probability 1. The probability 1 applies simultaneously over any countable
set of values A so

sup sup lg(wi, 0)]| = o(n'/?)
1<i<n 6O

Let A, () = {\: |\|| < n~¢}. By Cauchy-Swartz
sup Na@)| <n™  sup  [qi(@)] = 0p(n~"7?)
€O, e, 1<i<n 0€0,1<i<n

and supycg \ei. 1<i<n [N @(0)| = 0p(1) for ¢ > 1/2. Theorem 3.1 of NS then holds by
replacing their Assumption 1.(d) with E[supgeg ||q(w, 0)]|“], a = 2.

Proof to Theorem 5.4
The first order conditions are

~ A~

S A1+ Ng(wi, 0)g(wi, 8) = 0
=1

n i iy . .
271(71 + A Q(wzae))VGQ(wwe)/)‘ =0
i=1

Applying a law of large number for stationary and ergodic sequences we have that

N

F(go) =n! ZVQQZ'(GO) z, —I'y; V(eo) =n"! ZQi(eo)Qi(eo)/ Z, Vo

Using max; [N q(w;, 0)] £ 0, expanding around A = 0 and 6 = 6, as in Newey and
Smith (2004) and noting that from the normalizations imposed on v it follows that
dy,(x)/dx|,—, = 1, we have

-0, \ ~S, B, 0
ﬁ( ; )‘ﬁ< B, R)(—;Z?_lq(eo))”p(”

where S,, B, and P, are given by S, = (T'V,"'T,)"%, P, = (V,7 1 — V11,8, V1)
and B, = S,I"V;~1. The conclusion follows by application of the CLT for stationary

ergodic sequences.



Proof to Theorem 5.5

Imbens (1997) gives a proof for the EL case. Here we extend the result to the MD class
of estimators. Let &;(\,0) = :yl(;\/q(wi,@))/Z? ’yl(;\,q(wi,@)). Taylor expansion of

@i(A, 0) around X = 0 and using max;<,, lj\lq(wi, 0)| £ 0 gives, after some manipulation

S0 = 2+ (0= 7/28 @003+ 0p(n )
1 -1
= E"‘Op(n )

Then, M, (w) = Qp(w) + 0p(1). Thus, by the Glivenko-Cantelli, we have, pointwise,
that

M, (w) — Qo(w) "

Let 8 = (F(w),@)’, fi(B) = Mi(w) — Qo(w), qi(0))" and Vafi(B) = 0fi/08. The

variance of 8 under the model (1) is given by

E(Vsfi(Bo) E (fi(B)f:(Bo)) " E(Vsfi(B,))

Then, for Qo = Qo(w)(1-Qo(w)) and qu(G) (e)ﬂ{w <w} and go(w f (0 ﬂ{wl<w}on’

we have

E(fi(B)f:(B,)) " = (

~—
P
Q
—~~
E
=~
L
I
=
o,

- -1
where A,(w) = (QO - qo(w)Vo_lqo(w)) L Eo = Vol — Aw)V o (w >
IT = —A,(w)go(w). The variance of M, (w) is then given by Ay(w) ™' = Qy—ao(w)V; g0 (w).

Proof to Theorem 5.6

Consider first the case in which the null hypothesis concerns a subvector d x 1 of 8,,
say 01, . Under the null hypothesis H, : 01 = 01 ,, the unrestricted subvector, 0y and

A solve the following first order conditions
271 rq w’U (wl)a) = 0

2’71 Tq wl7 VG(](TU@, 0) 5\r = 0



where here 6 = (01,0, @2) By an expansion, as in the proof of Theorem 4.4, we have

that X o
O \ -S, B, 0
(5 ) (5 %) (st ) 70

where S, = (T V,'T,) "1, P, = (V, ' =V, 11,8, V1) and B, = S,IV, ! for T, =

E[Vy,q(w;,0,)]. By the CLT, it follows that under the null hypothesw Ap ~ N(O P,)
where P, is idempotent with rank d. Then the statistic n)\ P )\T, where P 2, B,
is asymptotically distributed as y? with d degrees of freedom. The second assertion
follows from observing that v/nA, = P, 321, q(w;, 0,)/v/n+ 0,(1) and that BV, 1P, =
]5015(;]50 =V, 1. Hence,

nhPy A, = (Z q(w;, 0,)/v/n ) P,P; P, (Z <w¢,eo>/\/ﬁ) +op(1) ~ X3

i=1 =1

The claim then is proved by noting that the result holds with V! replaced by a con-

sistent estimator V1.

A.2 Proof to Theorem 5.7

By Assumption 1(v), v; = 0 and 75 = 1. By Taylor expansion of

n

LRy = =237 [y (Vi) — (s (ai(81))]
1=1

~!

gives, buy using the fact that at the solutions v(3; (X ¢;(#))) = =¥ (X ¢;(6))

n
~!

23 Y (K@) -1 (i @))] =
Naa(0) + 3" 9oV ai(0)N 0:(0)ai(9)' A
=1

A A A yal
~Xan(0 Z V(M (0,) i (02 s (0,)' X,

where X'¢;(f) lies on the segment joining X,qz(é) 0 and A.gi(6,) lies on the segment
joining S\:ﬂqz(@) to 0. By Theorem 5.3, max; |X'¢;(8)| = 0,(1) and max; |A.q;(8,)] = 0,(1)
and hence ¥5(XNqi(8)) = 1 + 0,(1) and ¥9(A.¢i(6,)) = 1+ 0,(1). Also, under the null
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hypothesys, X,qn(é) = 0,(n") and A\.gn(0,) = Op(n=1). Thus,

nGn(00) Pogn(00) — 14n(00) Poqn(8,) + 0p(1)

and the result follows by noting that P, has rank m — k and P, has rank m — k — d.

A.3 Proof to Theorem 5.8

It can be proved along the lines of Theorem 5.7.

A.4 Proof to Theorem 5.9

It can be easily proved along the lines of Theorem 5.6.

A.5 Proof to Theorem 6.1

Let Y7 ; q(w;, 0)v; = £'v then the MaxEnt problem is given by
. p(V|9)>
min [ log <~ p(v|0)dv
s (G ) e

Ph = {poi0) [ €omoina - o}

subject to

The solution to the following probloem is well known to have the following Gibbs
canonical density (see for a proof Theorem 3.1 of Csiszar(1975) and Kitamura and
Stutzer(1997) for a discussion):

p(v]0) _ exp[\N¢'V]
p(v|0)  [expNEvp(v|0)dv

(42)
where

A =arg m/\in/exp{)\’ﬁ’y}ﬁ(VW)dV
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A.6 Proof to Theorem 6.2

The MaxEnt solution solution (26) can be rewritten as

"L "L - -

p(v|0) = exp [Z X q(wi, 0)v; — log/exp (Z X q(wi, 0)w> p(V|9)dV] p(v|0)  (43)
i=1 =1

By the independence of {v,va,...,v,} under p(r|f) and using the properties of the

logarithm and of the exponential, we get that for 7; = /N\,q(wi, 0)

tog [ exp(3 rin)pvio)y = log]] [ exp(rivp(nlo)av
=1

i=1

= Zlog/exp(nl/i)ﬁ(wwmy

=1
Using the expression above, (43) can be rewritten as

n

p(v|) = exp [Z[Tm - @(Ti)]] p(v]0) (44)

i=1
and X is now given by

A =arg min lo /exp Nq(w;, 0)v;) p(v;|0)dv
gAGAn(e); g (Na(ws, O)vi) B(vil6)

Independence follows from (44), since

p(wld) = exp [Z[Tiw—w(ﬁ)]] p(v|0)

=1

= f{l exp[Tiv; — ¢(7:)]p(v4]6)

A.7 Proof to Theorems 6.3,6.4 and 6.5

We need to show that the moment generating function of Exponential, Poisson and
Normal corresponds to the objective functions in the Theorems.

(1) The moment generating function of the Exponential distribution is given by
Uy) = 0+°° e "e¥dx and hence in this case p(y) = log f0+°° e "e¥dr = —log(1l — y)
and ¢y (y) = (1 —y) "



(2) For the Poisson, the moment generating function is given by ¢(y) = exp(exp(y)—

1) and hence ¢(y) = exp(y) — 1 and ¢, (y) = exp(y).
(3) The Moment generating function fo a normal is given by ¢(y) = exp(y +v%/2)}

and ¢(y) =y +y?/2 and ¢, (y) =1+ .

B Asymptotic Expansions

This Appendix provides proofs for the theorems concerning higher order properties given
in Section 7.

Let m;(7) = m(w;, ) denotes a vector valued function m;(7) : ©; — RY and let
mp(7T) = % >oim;(7). For Lemma B.2 and Lemma B.3 below, it is assumed that the 7
is y/n-consistent for 7, solving the unbiased estimating equation /nm,(7) = 0, at least
with probability tending to one.

The Jacobian of m,,(7) is denoted by J,(7) and Q,,(7) = Jn(7)~!. The higher order
derivatives of m,, (1) are arranged recursively into matrices. H,(7), the matrix collecting
the second derivatives of m,(7) is of dimension g x ¢g2. D,(7), the matrix collecting
the third derivatives of m,,(7) is of dimension g x g3. The arrangement of the elements

(0/07j0T,)mr(T) for j,r=1,...,g, into Hy(7) is as follow:
Hy(r) = ( (22/0m107)ma(7) -+ (0%/07407 yma(r) )

where (8%/07,;07")my,(7) is a g x g matrix. The arrangement of the third derivatives

into D, (1) follows the same pattern
Da(r) = ( (8%/0r10m0 yma(r) - (8%/0r,0rg0r Yn(r) )

where (03/97;07,07")m,(7) is a g x g matrix. This specification of the higher order
derivatives is very convenient because it allows expressing Taylor’s expansions as tensor
products. Very similar notation is used by Rilstone, Srivastava, and Ullah (1996) and
indeed Lemma B.2 and Lemma B.3 are adaptation of their results.

Given two matrices A € R™*Fand B € R9*J, the Kronecker product, A ® B, is
defined as the (m - g) x (k- j) matrix whose elements are given by [a;; B];j. The vector
ej denote the j —th unitary vecor of dimension m x 1 or of dimension k x 1, depending
on the contest. If z is g x 1 vector, [z],, denotes the u-th element of z. Similarly, [z];

3]

denotes the first k£ elements of x.



B.1 Lemmas

Lemma B.1: Suppose J, is bounded and uniformly positive definite matrix such that
Jn L J,. Suppose there exists a matriz Z, = Op(n_1/2) such that J, = J, — Z,,, then
the following expansions hold for Q, = J t:

Qn = Qo + Op(n_1/2)
Qn = Qo—QuZuQo+Op(n7")
Qn = Qo—QoZnQo+ Q0ZnQ0ZnQo + Op(n_g/Q)

where Qo = plim,,_, o Qn.

Lemma B.2: Suppose (i) || 7 — 7o ||= Op(n™Y?); (ii) Qo(T) = E[V,mi(7)] < o0, for

any 7 € S(70,6), § > 0, emists; (iii) Qomn(To) = Op(n=1?); (i) for j,r =1,...,9
2 _ _

E [(%ﬁ?g) }; (iv) there exists B(w;), E[B(w;)] < oo and § > 0 such that for j,r =

1,...,9,
(9/07 507 )mi(r) = (9/07;07, )mi(7o)| < Bi(w) || 7 =7 |

for any T € S(7,,0).
Then
(F = To) = fa + by + Op(n™%/?)

where

fn = _Qomn(T)

and

bn = QoZn(To>fn(To) - %Ho(fn(To) 02y fn(TO))

Lemma B.3: Suppose (i) || 7 — 7, ||= Op(n™'?); (ii) Qo(T) = E[V,m;(7)] < o0, for
any T € S(74,0), § > 0, ewists; (i) Qomn(To) = Op(n=2); () for j,r,p=1,....g

2 _ _
E [(%) ] < 00; (vi) there exists C(w;), E[C(w;)] < oo and § > 0 such that for
j? T’p = 17 R ?g7

(0/07;07:0m)mi(r) = (007307 0m)mi(7o)| < Cilw) | 7= 7o |
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, B[Ci(w)] < o0
Then

(72_7—0) = fn+bn+rn+op(n_2)

where the expressions for fn(7,) and b,(7,) are the same of those in Lemma B.2 and

= =5 Qoo {(fu+b) @ (an -+ bu)}

1
+6D0 {fn ® fn ® fn}
B.2 Proofs of Lemma
Proof of Lemma B1:
By assumption Q,Z, = Op(nfl/Q). Rewrite @, as @, = (J, + Z,). Multiplying and
dividing by (Q, — Q0Z,Q,) yields

Qn = (Jo + Zn)il
= (Qo - QoZnQo)(Qo - QoZnQo)il(I + QoZn)il
= (Qo - QOZHQO)(I - ZnQoZnQo)_l

Notice that
(I = Z0QoZnQo) " = (I+ ZuQoZuQo) + Op(n*?)
Thus,

Qn = (Qo - QoZnQo) I+ ZnQoZnQo + Op(n_g/Q)]
= Qo - QOZnQo + QoZnQoZnQo + Op(n_3/2)

The result follows by noting that last two terms are of the required order, that is
Op(n~1/2) and O,(n~1) respectively.



Proof to Lemma B2

By assumption 7 is a consistent root of m,(7), that is
mn(7)/Vn =0
at least with probability tending to one. Taking a mean value expansion around 7, gives
Mo (T0) [V -+ Tn(7) (¢ = 7o) [V + 5 Ha(DI(F — 70) © (7 = 7))/ = 0

where 7 lies between 7 and 7, and it is allowed to differ between rows of H,(-). Solving

for (7 — 7,) yields
(- = 70) = ~QulTo)mn(ro) = 5Qn(ro) Ha(R)[(F = 7) ® (5 — 7.

Adding and subtracting 3 Qn (7o) H,[(F — 7o) ® (7 — 7,)] gives

1

(T=70) = —Qu(To)mn(7o) — §Qn(70)H0[(% —To) ® (T — To)]

1 _ . .
+§Qn(70) {Ho — Hp(T)} [(F = 70) @ (F — 70)]
By the assumption, the Jacobian is bounded

|Jn(T0) = Joll = Op<n_l/2)

It follows that the results of Lemma B.1 can be applied to J,,(7,) with Z,,(7,) = Jp(70)—

Jo. Substituting the approximation for Q,(7,) from the Lemma B.1 up to order n~!

in the first term, up to order n~%/2 in the second and third terms and substituting
(7 — 7o) = —Qomn(7o) + Op(n~1) in the terms involved in the Kronecker products,
gives

(7A— - To) = - {Qo - QoZn(To)Qo + Op(n_l)} mn(To) (45)

5 {Qu+ 0,7} Hy {Qua(r0) @ Qo (1)}

+3{Qu+ 0,0} {H, — Hu(0)HQuima(7) © Quininn(70)}



It can be shown that the elements of {H, — H,(7)} are bounded in probability of order
n~12 . The (j,r) element of {H, — H,(7)} satisfies the following inequality

|

0?my, (7) B 82mn (o)
07,07, 87'3 oty

<| 4
The first term after the inequality is bounded by

17’1,
| \Snzl
n

32mn 82mn(7'0)

ot 87} ot;0T,

a2777/71('7—0) ann(TO)
o7 0m, ‘E[M]H (46)

0?m, (7) 3 ?my, (7o)
oT;07, oT;0T,

8277%'(_) _ 82’!717;(7’0)
or;0T, oT,;07,

17 = 7ol

IN
—
SRS
i
—
N

By (iii) and the law of large numbers, Z Bi(w)/n = Opy(1). Since 7 & 7, by (i)
|7 = 7ol = Op(n~Y2) and thus [1 S°7 | B;(w)] [|F — 7o|| = Op(n~Y/?), giving that

Under (iv) and by applications of the Central Limit Theorem gives that

and hence, H, — H,(7) = Op(n~/?). By observing that the Kronecker products in the
second and third terms of (45) are are bounded in probability of order n=! it follows
that

’m,(7)  Pmn(r,)

_ — —1/2
oT;07, oT;0T, Op(n )

0?my, (1,) B 82mn (7o) (n=1/2)
ot;0T, Or;or,

Op(n_l/Q) AHo — Hn(T)} {Qomn(T0) ® Qomin(7,)} = Op(n_g/Q)
and similarly

Op(n_l/Q) -H, {Qomn(TO) & Qomn(TO)} = Op(n_g/Q)



Since Op(n~Y)mu(1o) = Op(n~3/2), collecting terms and dropping terms of order n=¢,
¢ >3/2, gives
(71 - To) = _Qo(To)mn(To) + QoZn(To)Qomn(To)
1
_§Q0Ho {Qomn(T0) @ Qoma (o)} + Op(”_3/2)

as required.

Proof to Lemma B.3

The prove is very similar to that of Lemma B.2. By third order Taylor expansion with

Lagrange remainder of m,,(7)/y/n = 0 around 7, and by solving for 7 — 7,, we obtain

(T=70) = —Qu(To)mn(7o) — %Qn(TO)Hn(TO) {(F=70) @ (T —70)}

Qo DD {7~ 7o) ® (7~ 70) ® (7 — 70))

where 7 lies between 7 and 7, and it is allowed to differ across different rows of D, (-).
Adding and subtracting the last term with D,,(7) replaced by D,, the above expression

can be rewritten as

(72 - TO) = _Qn(TO)mn(TO) - %QH(TO) (Ho - Hn(70)> {(% - 7'0) ® (7A' - TO>}
S Qu(TIDo (= 70) (= 70) @ (7 — 7o)}
_éQn(TO) [Dn(T) = Dol {(T = 70) @ (T = 75) @ (7 — 7o)}

where H, — H,(7,) is Op(n~'/?) in virtue of (iv) by application of the CLT to its
elements. Also, (7 — 7,) = Op(n~'/?) and the Kronecker products in the second and
third term is O,(n~3/2). The term involving the difference between the matrix of

third derivatives and its expectation is bounded in probability. Considering the generic



element of [D,,(T) — D,] gives that

Fmn(7) L Pma(r,)
0t;07,07; 0t;07,07)
3, (= 3 3 3
< ‘ Pmy,(7T) B Pmy (7o) +‘ Pm (7o) 5 [@ mn(TO)} )

0t;01,.01  O0T;07T,07)
Fmi(t)  Pmi(ro)
or;0r,. 01  0T1;0T,07)

07;07,071) 07,071,071
03 3
arsomom ™) " B arar ™)

n n

1
+-2

i=1

1
<

n -
=1

The first term after the inequality above is, by assumption, bounded above by |7 —
7ol 2 30 Ci(w). Since 7 2, 7., normality of /n(+ — 7,) and ECi(w) < oo, implies
that |7 — 7,[1 2 Y0 Ci(w) = O,(n~/?). The second term is O,(n~1/2) by (v) and the
Central Limit Theorem. Substituting the expansions of @Q;,(7,) given in Lemma B.1

and collecting terms of similar order, we obtain

(72 - TO) = _[Qo - QoZn(To)Qo + QoZn(TO)QoVn(To)Qo]mn(To)
5100~ QuZu(ro) Qo] Ho (7~ 70) ® (¢~ 70))
5 QelHo ~ H(ro)| {(F —~ 70) ® (¢ — 72))
—SQuDA(F ~70) @ (7~ 7o) ® (7~ 7o)}
+Op(n_3/2)mn(70) +Op(n Y [Hy — Hu(1o)] {(} — T0) ® (F — 70)}
Op(n~2) Op(n=1)0p(n=1/2)Op(n=1)=0p(n=2)

+0p(n™?) Do { (7 = 70) ® ( = 70) ® (7 = 70)}

Op(n=1/2).0p(n=1)-0Op(n=3/2)=0p(n=2)

450 (Da) = D) {( = 70) & (7 = 70) @ (7 — 70))

0p(1)-Op(n1/2)0p (n=3/2)=0p (n~2)

Substituting (7 — 7,) = fu(7o) + Op(n~/2) in the second and third summand and
(7 — 7o) = fa(To) + An(To) + Op(n=3/2) in the fourth term, and noting that

QoZn(T0)Qo {[fn(T0) ® An(7o)] + [fn(T0) ® An(70)]} = OP(TFQ)
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and dropping terms of order lower than O,(n~¢) ¢ > 2 gives

(72 - To) = _Qomn(To) + QoZn(To)Qomn(To)
_QoZn(To)QOVn(TO)QOmn(To)
3 Qoo l1a(70) © An(7)] + (o) © An(ro)]}

L QulHy — Halra) (7o) @ Fulro)}
+0,(n"?)

as required.

B.2.1 Proof to Theorem 7.1

Let g = k+m and h = k+ 1. Let 7 denote the (k + m) x 1 vector that stacks the
MD estimator of 6, and A, that is 7 = (@/, 5\,)’ . With probability approaching to one, 7

solves the first order conditions of MD given by

Mmn()]1e = %ZﬁiVQq(w, 0)\ =0

i=1

) 1~ ,
My (T)]hg = n;mq(w,ﬁ)—o

A~

where here and throughout the proof 71; = %’yl(’yl%—j\/q(wi, 0)) and even if the arguments
are dropped for notational reasons, @; must be interpreted as function of 0 and .
Similarly, #; = 19,(v, + XNq(w;,0)). Form Theorem ?.??, it follows that (7 — 7,) =
—Qomn(70) + 0p(1), where

-S, B,

Qo = B(,) Po

To be apply to apply Lemma B.1, required by Lemma B.2, is sufficient to show that
| (7o) — Jol| is of order n~1/2. Note that

Ta(ra) = [ 0 % 31 Voai(0,) ]

% Z? Voq(w,0,) % Z? 7i(00)qi(00)'

By Assumption C, the elements of 2 >°% Vyq;(6,) and £ 37 ¢;(0,)¢;(0,) obeys the CLT
and hence || J,(1o) — Jo|| = Op(n~/2). To apply Lemma B.2, it is sufficient that ||
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H,(7) — H, | be of order n=Y2. For j = 1,...k +m, and letting v;(7) = ~v; + Nqi(6)
and b;(7) = dv;(7) /0T

e - wui(ﬂ)a?bi(f)/anaf+%<w<¢>>bz~<f>jbi<7>bz»<7>’

+54 (Vi (T {8 /(97'J +bi(7); bi(T)/aT}

where 75(z) = 1/7(31(2)) and F3(z) = —73(51(2))F2(2)/[v2(F1(2))]* and 73(z) =
&y(x) /0. By assumption, 7,(x), j = 2,3 are compositions of continuously differen-

tiable and function in a neighborhood of zero and thus for 7 € S(7,, )
A (i) < ClIEllla(ws, )] < CBi(w)[I7 — 7ol

and similarly
7;(vi(T)) < CBi(w)|[T = 7

Since the expressions for the second derivatives involves at maximum combinations of
three functions b(-), the elements of ||H,,(7) — H,,,(7,)]|| are bounded in a neighborhood
by CL3"B}(w)||0 — 0,| and by Assumption C, E[B;j(w)?!] < oo, ||Hn(T) — H,| =
O,(n~%/2). Thus, Lemma B.2 applies with B(w;) = B(w;)*.

1/2

The terms of order n~"/% are given by

N —Boqn . Unp,
Qon = ( P, ) = < L, ) (47)

are given by

bn:QoZnQOQn_QOH0{< ?n>®<?n )}/2

The terms of order n !

where




It follows that using (47) we obtain
B, Iy, =S, + B,V,

I, O
oZn odn — -
Qoo {[ 0 In ] Pl B+ PV,

Up — Bolntn + Solhun — BoVyly,
ln — P,Tpuy — BT L, — PoVily

)

Define ﬂSh = FE[(0/0s;0h)[m,(70)]1,k] and ,uSh = E[(0/0sj0h)my,(To)]ng] for s,h =
{0, A\}. The term

QuHo (7o) ® (7o)} = ( —S,1+ B,V )

Bévl + P,Vs

where

k k
Vl = Z/B?eumjun —+ Zﬁ?/\umjln

j—l j—l
ZB)\GZ U+ ZBAGZ njln
7j=1

Vo = Z ugeunumj + Z /L?Aumjln
j=1 j=1
m
3~ i+ 3
j=1

and I, ; and u,; denote respectively the j-esime elements of [, and w, respectively.

Thus, the first k elements of the expansion for (7 — 7,) are given by

(0 —0,) =up— Bolnun+ Soluy — BoVilp
1 1
-S,Vi1—- =B,V
+25 Vi 5 2

The expression above gives the first conclusion for f? = u,, and

1 1
b = —BoTntin 4 ST’ tty — BVl + 390V1 = 5BoVs

Similarly, taking the last m elements yields the expression up to order n=3/2 for the
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Lagrange multiplier

A =l,— Plou,+ BT, — PVl
1 1
—§BQV1 - §POV2

Giving for f} =1, and

1 1
b) = P,Lpu, + BT L, + PV, — 5Bgvl —5PoV2

the conclusion of the theorem.

B.2.2 Proof to Theorem 7.2

The bias up to order n~ ! of 0 is given by the expectation of the terms of order n~! in

the expansion of 0. Dropping terms of zero expectation, the higher order bias is given
by

E [b;ﬂ = —E[B,Tyun] + E [SoTun] — E [BoVila]
+S,V1/2 — B,Vs/2

We analyze the expectation of the terms involved in E(b9):
(1) E[Bol'yuy)

E B, u,] = —-B, Z Z EVeqi(05)Bog;(6,)] /n2

i=1 j=1
= —BoE[Voq(0)Bog(0,)] /n

(13) E [BoVily)

E (Bovnln) = _Bo Z Z E [Qi(HO)Qi(HO)POQj (00)] /77’2
i=1 j=1

= —BoFE[qi(0,)q:(0,)P,q(0,)] /n



(ii) E [SoTpln]

E(SOFnl =— S, ZZE VG% o OQJ(H )]/n2

i=1 j=1
=~ S,E[Veqi(0)Pi(6,)] /n

(iv) E[S,V1]

k
E(V1) = > BPE(unly +ZBA9E (I jtn)
j=1 Jj=1
+> B E(ln,jln)
j=1

It is easy to show that the expectations involving products of the influence function of
A and 6 vanish:

Elupl,) = E [lnu'n] e;
= F PoZQi(go)qu(e )B/
i=1 i=1

= POE[q'L(Ho)Qi(QO)/]B/Oej

and similarly

Ellpju,] = E(unl;z)ej
= B,E[qi(00)ai(00)'| Poe;
= 0

Thus, E(V1) = Y7 B E(ln jln). By PoVoPs = P, it follows that Ell,, jln] = Poej/n.
The terms 63\)‘ is given by

B = B [Voai(00) ¢ai(0)' + 411 Voar(0)'



and by symmetry of P, follows that
E[vl] =2F [Vqu(HO)/Poqi(GO)]

yielding
E[Sovl] =25,F [VOQZ'(HO)IPOQZ'(GO)]

(v) E[B,V2]

k
3 Bl + Pl
j=1

+> 1 Elly jun] + Z NE(, 1]
j=1 j=1

By the same arguments of point (iv), E[l, ju,] = Eluy,,jl,]) = 0, and hence

ZM%E U jin)] +Z'“ME

where

00 _ p [3%(90)

o = . , ,
J 80]80] ) 'u’] 73E[q%,](90)%(90)%(00)]

Since E(up jun) = B,V,Blej/n and B,V,B,, = S,, we have

Z“J [Un, jun] = Z { 85 82? ] Soej/n
7j=1

7j=1
and noting that E(l, ;l,) = P,V,P,e; = P,e; yields

Z W E(l, = Z Y3Eqi,(00)4i(00)4i(05) | Poej /1

= ZW?’E qz 7, )P 63971,](9 )]/n

= 73k

= 3L [4i(00)qi(05) Poqi(00)] /1

[72]
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and hence

E(VQ) = ’73E [Qi(eo)Qi(eo) o(h /n + ZE |:an O):| S'Oej/n

Substituting expression of part (i)-(v) into the expectation for the term of order n=! in

the asymptotic expansion we obtain

E(bn) = —E[Bol_‘nun] + E[SOF;Lun] — E[BOann]
1 1
+§50E(V1) — §BOE(V2)

B_1(0,) = BoE[Vpq(0)Bog(0,)] /n
—SoE [Vqi(0) Pogi(60)] /n
+B,E [¢i(00)ai(00) Pogi(60)] /n
+S,E [V4qi(0,) Pogi(0,)] /n — %73BoE [4i(06)ai(05) Poqi(00)] /n

1 8qi(e90) ]
QBO;E [ 39309} Soej/n

simplifying and rearranging yields
Boi(0) = BoE[Voau(0)Boar(00)) /n+ (1= 1) BoE [0:(600)a:(00) Poti(0)] /.

_,B ZE[aq’ O] v€j/n

as required.

B.3 Proof to Theorem 7.3

Let G;(6,) = G; and g;(0,) = g;. The first therm of the bias of Theorem 7.2 can be
written as

B,E[2G;B,zg;] (49)

Noting that G;B,z; is a scalar, we can write (49) as

B,E[z2,B.G'gi]

(73]



By the law of iterated expectation

ByE|zi2,B.G}gi| = BoE|z2,|B,o 4c
and hence
E[Zizg]BngG = E[ZZ‘Gi]SOJg(;/Ug
ByE|zi2i|Bioge = BOE[ziGi]goagg/Ug
= S0y (50)

where S, = E[G(0,) 2] B[22/ ' E[2:G;(6,)]. For the second term, using the law of
iterated expactations,

Elz2lP,2ig3]) = E[ZZ'Z,ZPOZZ']O'g (51)

Substituting (50) and (51) into the formala for the bias gives the desired result.

B.4 Proof to Theorem 7.4

When the first order conditions are modified, the expactations of the terms in the
expansions hold with the exception of the expectation in (48), because it involves B?f .

Multiplying the Lagrange multiplier rescale the derivatives by
BJM = kE [Voq:(05)'€;qi(00) + q:.,;V0q:(05)']
Hence, the expectation in (48) becomes

E[S,V1] = 26S,E [Vi(00)' Poti(05)]

For the instrumental variable case the expectation above is given by

2kE [G;(0,) 7 Pozigi(0,)] = QHUggE[ZZI-POZZ']
= 2f<;a§GE[T7’ace{zZ{Pozi}]
= QKUZGE[Trace{Pozizg}]



Notice that

P,E[zzl] = V7 E[ziz] — VTS,V L E[2:2]]

= 0, %(Im =V, 'T'0S,00)

Using the properties fo the Trace, it follows that Trace{P,z;z.} = Trace{ag_2(lm -
Vor,8,T,)) = Ug_Q(m — k), and 26S,E [Gi(0,) 2 Pyzigi(6,)] = QRSoagG(m - k:)ag_2

Substituting the terms in the expansion gives
B_1(0o) = S.0460,°%/n
—S’OagGag_2(m —k)/n
+B, B[22 Pozi)os In
-I-,%S'Oaggaf(m —k)/n

1
—573BOE[ziz§Pozi]J§/n

Collecting terms gives

B_1(6,) = goaggaEQ(m(m —k)—(m—-k-1))
+(1— %)BOE[zizZ{Pozi]Ug/n

9gi(0,
_7B ZE[ 2000, }Soej/n

as required.

B.5 Proof to Theorem 7.5

Let B,l(éel) — B_1. Since by assumption (961 —0,) = un + b, + 1, noting that
E(u,B' ) = 0 and dropping terms o(n~2), we have

M_3(0g — B-1(0et)) = E(0q — B-1—0,)(0e — B_1—0,)
= E(up+by+rn—B_1—0,)(up+bp+1n— B_1—0,)
= E(upul, + rpul, + upri, + bpbl, + B.1B_1' — b, B’ ; — B_1b),)

[75]



By the definition of O(n~!) bias, E(b,B’ ;) = B_1B’ ; and the result follows.

B.6 Proof to Theorem 7.6

The validity of the expansion can be proved along the lines of Theorem 7.2 by verifying
the conditions of Lemma B.3. By Assumption D the CLT can be applied to the elements
of the Jacobian giving ||.J,, — Jo|| = Op(n~1/?). Similarly, the elements of the matrix col-
lecting the second derivatives is also bounded in probability of order n=1/2, by the same
argument given in the proof of Theorem 4.3. By Assumption D, the third derivatives
are bounded by 1 " B(w;)®||T — 7,| and Lemma B.3 holds with C(w;) = B(w;).
Application of Lemma B3 gives the first conclusion of the theorem, where the ex-
pansion for (9 —60,) and ) are given, respectively, by the first k and the last m elements

of

(% - TO) = —Qomy + QoZnQomy,

_%QOHO {[Qomn & Qomn] & +Qo‘~/m (TO)QomT(TO)} }
1

_EQODO {Qomn X Qomn & Qomn}

By inspection of the matrix collecting the second derivatives of m,,, it follows that

differences in the expansions of two MD estimators with 73 = 2 appear only in the term

1
An = _6Q0Do {Qomn ® Qomn ® Qomn} (52)
000 __ Olmilik(7o) | . | 000 _ O[mi]n,m (7o) 00N __ Omilik(to) | . 00X _
Letfj" = E[ 98,0006 ]’er = E[ 98,56, 9 }a”dﬁjr - E[ 9,0, ] P Hgr =
Amiln,m (7o)
E[ aejgarax }



so on for the other cross partial derivatives. The first k£ elements of A,, are given by

k k
Az = é _BOZZBgeeun,junrun'i_S ZZMJT un,jun,jun
j=1r=1 j=1r=1
k k
—B, Z Z /BffAun jUn, rln + So Z Z Mjef)\un jUn, rl
j—l r=1 j=1r=1
-B, ZZIB‘?”)’\GUTL,] nrln + So ZZI"L]T Unp, 5 nrun
j=1r=1 j=1lr=1
—B, ZZ/B??)\'LML,] nrl + 5, ZZM?;\)\un,] nr n
j=lr=1 j=1r=1
k k
—B, ZZIBAQGZ ,junrun‘f‘SoZZMjeel ,j Un,rUn
j=1r=1 j=1lr=1
m
_BOZZ/BAGAZ junrl + 5, ZZM l junr
j=lr=1 j=1r=1
—BOZZﬁWz n.jlnrln + So ZZMW n.jlnrln
j=1lr=1 r=1 j=1

Inspecting the expected value of the third derivatives of of m;(7,) shows that EL and any

AAA

MD with 75 = 2 have the same partial derivatives with exception of 3%, j,r =1,...,m

This implies that for any MD estimators with v; = 2

:_75 ZZ AL ol

r=1 j=1

Let 6 denote the EL estimator and 6 denote any MD estimator with v3 = 2. The
difference of the MSE for EL and any other MD estimators with 3 = 2 is then given
by

MSE(@)—MSE(é) = |:(Anel Anumd) }

+E [Un(An AN umd)]

where A% o and Az’umd denote the differences in the expansion for EL and an any MD

estimator with 3 = 2, respectively. Thus, the expression of the difference between the

[77]



MSE errors above reduces to

MSB() - MSE@) = 18,33 [ - ] Blusluti)  (53)
r=1 j=1
FESSO[I  ] Bl
r=1 j=1

Noting that ,u)‘)"\ = —74E(4i j¢irq:q;) and the for EL v, = 6 gives

MSE(d) — MSE(§) = < ) S0 33 [B4iji.r0i0))) E(ln jlarlutly)
r=1 j=1
Y4 e / / !
+ (1 - g) 0 (B0 ai4))] Bl jlnrunly,) S,
r=1 j=1

as required.

B.7 Proof to Theorem 7.7

Expanding the summations in expressions (?7) in the proof of Theorem 9.3 yields

T3 3) ) AT

qulozlnl

) 3D ) MENAL

v=1¢=1a=1n=1

MSE(d) — MSE(d) = ( )

(-]

Consider the first term, since the second is the transpose of the first one. For v =

i

i MS I Ms

¢ = a =mn =i, (n times), it follows from Assumption D that n 3E(l; ;l; Liu}) =
O(n~ ) When three indexes are equal by independence and since E(l;) = E(u;) = 0,
E(tyllljl-¢) = 0. Thus the summation can reduced to

1 n n n n
~ SN hjlesual, = n7? [E(lyl,) Eugly) + E(ly il ;) E(ul))

v=1¢=1a=1n=1
+E(l17]’ul)E(ll2l27T) + E(ll,rul)E(llzlzﬂ')]
+o(n?)



The results then follows by noting that the oll the expectation involving I; and u; are

zero, since by orthogonality of P,V,B! =0,

E(li,rug) = e,rE(POQi(QO)Qi(GO),Bg)
e, E(P,V,B;) =0

Noting that the same holds for the expectations involved in the transpose, the result

follows.



