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Abstract

We consider the linear instrumental quantile model proposed by Chernozhukov and Hansen (2001, 2005a,
2005b). Since it is never clear for what quantile effects the given instruments are most informative, we
develop a testing procedure that is robust to identification quality in the GMM framework. In order to
reduce the computational burden, a multi-step approach is taken, and a two-step Anderson-Rubin (AR)
statistic is considered. We then propose a three-step orthogonal decomposition of the AR statistic, where
the null distribution of each component does not depend on the assumption of a full rank of the Jacobian.
Power experiments are conducted, and inferences on returns to schooling using the Angrist and Krueger data
are considered as an empirical example. Although returns to schooling for the upper quantiles seem to be
quite constant, the robust confidence sets for the lower quantiles are so wide that they still remain imprecise,

which differs from the results in Lee (2004) and Chernozhukov and Hansen (2005b).
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1 Introduction

Quantile regression models are useful to analyze the impact of treatment variables on the dis-
tribution of outcomes and have been used in many economic applications (e.g., Buchinsky (1994),
Abadie (1995), among others). However, in many cases, the treatment variables are endogenous,
and conventional quantile regression is inappropriate for causal or structural analysis. To overcome
this difficulty, several modified models have been proposed (see e.g., Amemiya (1975), Abadie, An-
grist and Imbens (2002), Chernozhukov and Hansen (2001, 2004, 2005a, 2005b), Imbens and Newey
(2002), Chesher (2003), Ma and Koenker (2004), Lee (2004)). Chernozhukov and Hansen take an
instrumental variable approach. In constrast to Abadie et al. (2002), Chernozhukov and Hansen’s
model allows for a non-binary endogenous variable. It is also more general than Amemiya (1975),
which is a location model that does not allow for treatment effect heterogeneity. More importantly,

this model can be cast in the GMM framework in spite of its computational difficulty.

We take Chernozhukov and Hansen’s approach to endogenous quantile models and consider
testing the parameter of an endogenous variable without making the identification assumption
in the GMM framework. Removing the identification assumption is particularly interesting in
quantile analysis because defending instruments is not as easy as in a mean regression model, and
the identification condition depends on what quantile effects are considered. It is never clear for
what quantile effects the given instruments are most informative. In particular, when instruments
are “weak,” the identification of some quantile effects can be relatively harder than that of others.
Since the mean effect is the integral of all the quantile effects, the identification of the mean effect

is more demanding than that of a particular quantile effect.

As is discussed in Dufour (1997) and Stock and Wright (2000), among others, it is well known
that the normal approximation of the GMM estimator can be extremely poor without the strong
identification assumption, which is not always obvious for verification in practice. One might want
to pretest the quality of the identification (Hahn and Hausman (2002), Wright (2002)), but this is
not thought of as a desirable approach because the consequential inference should be conditional
on the pretest. For this reason, many efforts have been made to develop testing procedures that are
robust to the potential identification difficulty (Stock and Wright (2000), Moreira (2003), Kleibergen
(2002, 2004, 2005)). So far, these efforts seem to be quite successful. In particular, Kleibergen
(2005) shows that the score statistic based on the continuous-updating GMM is robust to weak

values of the expectation of the Jacobian by assuming the differentiability of the GMM objective



function.? The differentiability assumption is restrictive because it rules out interesting models

such as the instrumental quantile model considered in this paper.

The non-smoothness of the objective function causes several problems: the computation be-
comes harder and the score statistic is not available. To avoid a high dimensional grid search,
the coefficients of the exogenous variables are concentrated out under the null hypothesis of the
structural parameter. This approach significantly reduces the computational burden and results
in a straightforward two-step Anderson-Rubin statistic (AR statistic), which is a joint test of the
location of the parameter and the overidentifying restrictions (Anderson and Rubin (1949), Stock
and Wright (2000), Honore and Hu (2004)).3> We then show how to obtain a three-step orthogonal
decomposition of the AR statistic. Simulation experiments demonstrate the power improvement

achieved by this decomposition.

We then apply this method to the study of returns to schooling using the Angrist and Krueger
data (e.g., Angrist and Krueger (1991) and Angrist, Imbens, and Krueger (1999)). Confidence sets
of returns to schooling for various quantiles are obtained by inverting the two-step AR test and
its orthogonal decomposition. Although returns to schooling for the upper quantiles seem to be
quite constant, the robust confidence sets for the lower quantiles are so wide that they still remain

obscure, which differs from the results in Lee (2004) and Chernozhukov and Hansen (2005b).

The paper is organized as follows. Section 2 presents a brief overview of the instrumental
quantile model. The weak identification and computational issues are discussed in the next section.
Section 4 considers testing the parameter of the endogenous variable, and section 5 extends it. The
simulation results are then shown, and the example of returns to schooling is discussed in section

7. Conclusions are presented in the last section.

2Local identification in general GMM requires full rank of the Jacobian of the expectation, which is well defined

even if the expecation of the Jacobian is not (see e.g., Pakes and Pollard (1989)).

3In the recent revised version of Chernozhukov and Hansen (2001), they propose a dual inference that is robust
to the instrument quality (Chernozhukov and Hansen (2004)). This idea is in line with the AR statistic, which is a
joint test of the location and the overidentifying restrictions. In fact, it is easy to show that this idea leads to the

AR statistic in the standard linear mean regression model.



2 Basic Setup

This section reviews the instrumental quantile model by Chernozhukov and Hansen (2001,
2004, 2005a, 2005b). A single endogenous variable D whose support is D C R is considered.
Counterfactual outcomes are indexed against the treatment and denoted Y; where d € D, and the
exogenous variables whose support is X C R¥, are denoted X. The object of interest is the quantile
function of Yy conditional on X = z and it is denoted by ¢(d, z, 7). It is assumed that ¢(d, x, 7) is

given by (or well approximated by) a linear form for each 7 € (0,1). That is, given X = z,
q(d,x,7) = da(7) + 2'B3(7) where 0 < 7 < 1 (2.1)

Given the actual treatment D, the observed outcome is Y = Yp. In other words, only the
D' component of {Y;}4ep is observed. The parameter of interest is o(7) for a given 7. It is the
causal effect of the exogenous change of the treatment on the 7-th quantile of the counterfactual
outcomes. For the sake of simplicity, it is assumed that all Y;’s are continuous random variables.
Hence, Y = Yp is a continuous random variable and q(d, z,7) = da(7)+a'3(7) is strictly increasing
in 7 for every d € D and x € X. For representation, it is assumed that D = §(Z, X, V), where
V is a random disturbance term and that Yy = da(U) + 2/8(U) given X = z, where U is a
uniformly distributed random variable.* It is also assumed that Z and X are independent of U.

The correlation between U and V' (or U and D) causes the endogeneity problem.

The statistical implication of this setup is that Pr(Y < Da(r) + X'B(7) | Z,X) = 7.° This is
the conditional moment restriction considered in this paper. Note that Pr(Y < Da(r) + X'8(7) |
D, X) # 7 due to the correlation between U and D, which makes traditional quantile regression

inappropriate (see e.g., Buchinsky (1998)).
This model can be rewritten as follows, which may be more conventional and familiar.

Y = Da(r)+X'B(r)+n (2.2)

= 0(Z,X,V)

4For the representation of Yy, a uniform random variable Uy is needed for each d € D. It is assumed that all Uy’s
collapse to a common random variable U. This is a stronger assumption than what we actually need (see Chernozhukov
and Hansen (2001)).

The intuition for this is simple. Pr(q(D, X,U) < ¢(D,X,7)| Z,X)=Pr(U<7|Z,X)=Pr(U<7)=71

(see Chernozhukov and Hansen (2001)).



where n = n(D, X,U,7) and Pr(n < 0 | Z,X) = 7. This is more general than the conventional
location model in the sense that the treatment effect heterogeneity is allowed for different 7s. The
main goal of this paper is to develop a procedure to test Hy : a(r) = ap without making the
identification assumption in the GMM framework. Hence, a(7) is assumed to be known under
the null hypothesis throughout the paper. A 95% confidence set can be obtained by inverting a
hypothesis test of size 5%. The point estimation of «(7) is not pursued because it is meaningless
without the identification assumption. Giving up the point estimation, a confidence set can still be
obtained even though it may be the whole parameter space when the data are totally uninformative.
For further discussion, see Anderson and Rubin (1949), Dufour (1997), Stock and Wright (2000),
Kleibergen (2002, 2004, 2005), and Moreira (2004), among others.

3 GMM and the Weak Identification

The previous discussion provides a conditional moment restriction: E(1{Y < Da + X'B} |
Z,X)=Pr(Y < Da+ X'B| Z,X) =7 when a = a(r),8 = (1), where 1{-} is the standard

indicator function.® Therefore, an unconditional moment restriction can be obtained as follows.

m(a,B) = mlEa’Z; (3.1)
malQ,

= E(Qx(1{Y < Da+ X'} — 1)) =0 when a = a(r), 8 = B(7).

/
where Qx = [ X w ] and W = W(X, Z). The parameter of interest is the structural parameter

a(T).

Although it is conceptually straightforward to obtain the GMM estimator from these moment
conditions, there are several difficulties. First, the indicator function is not a smooth function
and the optimization requires a grid search over a potentially high dimensional space. Second, the
consistency and asymptotic normality of the GMM estimator requires that m(a, 8) = 0 only when
a = a(7),8 = B(7) and that the Jacobian, % la—a(r),8=A(r)> has a full column rank. These are
the global and the local identification conditions, respectively. When the Jacobian is equal to zero,
the parameters are not (locally) identified, and the asymptotic properties of the GMM estimator

break down. This lack of identification implies that identifying the parameters can be extremely

SFor the sake of simplicity, the qualifyer of “almost surely” will be suppressed throughout the paper when it is

clear from the context.



difficult when the Jacobian is not zero but arbitrarily close to zero (see Dufour (1997)). Stock
and Wright (2000) propose an alternative asymptotic tool to capture this phenomenon by setting
% la=a(r),3=3(r) to be local to zero. They show that the GMM estimator is not consistent
and not asymptotically normal under this alternative asymptotics, which they call the weak iden-
tification asymptotics. The condition of the full column rank of the Jacobian is, however, just an

assumption and it is not clear how to check it in practice.”

The fact that weak values of % | a=a(r),3=4(r) cause a problem has an important practical
implication. Since (a(71),5(71)") # (a(12),B(12)’) for 71 # T2, the Jacobian depends on what
quantile effect is examined. Some quantiles may be better identified and the given instruments can
be more informative about one quantile than another. Since the mean effect is the integral of all
the quantile effects, the identification of the mean effect is more demanding than that of a quantile
effect. Therefore, it is particularly interesting to develop a robust inference method in the quantile

regression context.

Kleibergen (2005) shows how to conduct robust inference in GMM against the potential identifi-
cation difficulty by assuming the differentiability of the function involved in the moment conditions.
He shows that a score statistic from the continuous updating objective function is robust to weak
values of the expectation of the Jacobian. This approach does not apply to the current model
because of the non-smoothness of the indicator function. It should also be noted that what mat-
ters for identification is not the expectation of the Jacobian but the Jacobian of the expectation.
Although Kleibergen’s method is not directly applicable, it gives an important insight. The key
point is not having the score of the GMM objective function but estimating the Jacobian in such a
way that it is asymptotically independent of the y/n times sample analog of m(«a(7),8(7)) as will

be shown later.

We give some remarks on the smoothed GMM approach (see e.g., Horowitz (1992) and MaCurdy
and Timmins (2001)). One might think that the standard robust statistics can be applied by
directly smoothing the indicator with a suitable distribution function (cdf type kernel). However,

this approach is not pursued in this paper because it makes the problem unnecessarily complicated

"In the linear mean location model, it is relatively easier to defend this condition because it is equivalent to the
sufficiently strong correlation between the endogenous variable and the instruments. However, it is not clear how to
check this condition in general nonlinear models. Honore and Hu (2004) write, “it is not clear exactly which (easily

interpretable) assumptions would lead to this being true in general.”



due to the fact that the bias and under-smoothing issue should be dealt with from the first step of
defining the AR statistic.

3.1 Intuitive Discussion

Although the main interest of the paper is in «(7), the joint test of a(7) and S(7) will be
considered first for an intuitive discussion. Some computational issues in concentrating out 5(7)
will be pointed out and a practical strategy for testing a(7) will be discussed. In the following,

a(7) and (1) are regarded as the hypothesized values under the null.

Assumption 1 n =Y — Da(7) — X'B(7) has a well defined density conditional on D, Z, X, fy(s |
D,Z, X) and it is bounded away from 0 at s = 0.

Consider m(a, ) + 7E(Qx) = E(Qx1{Y < Da+ X'8}) = E@x1{1 < D(or— a(r)) + X'(5 -
B(7))}) from the definition of 7. By the law of iterated expectation, it is easy to see that

m(a,B) +7E(Qx) = EQxE(1{n<D(a—a(r)+X'(8-8()}|D,2Z X)) (3.1.1)

= E(QXFH(D(O‘_ O‘<T)) +XI(/8 _6(7—)) | DvaX))

where F),(- | -) is the conditional distribution function of 7. The second equality is due to the fact
that the conditional expectation of an indicator is a conditional probability. From (3.1.1), it can

be seen that

om(a,
J(a(r),8(1)) = 8(;’5? a=a(1),8=B(r)

E(XDf,(0|D,Z, X)) EXX'f,(0]|D,Z, X))
EWDf,(0|D,Z,X)) E(WWX'f,(0]|D,Z, X))
Notice that if the conditional density f,(s | D, Z, X) were known, we would obtain a straightforward

estimator for J(a(7), 5(7)), which could be used to obtain a robust test statistic. Specifically, let

XiDify(0| Dy, Z;, X;3) XX fy(0| Dy, Zs, X;)
WiD; fn(0 | Di, Zi, Xi) W;X]f(0| Di, Zi, X;)

Then, 237 | M; L, J(a(r), B(r)) under mild regularity conditions. Following Kleibergen (2002,

2005), we make the following assumption.



Assumption 2 The data are i.i.d. and a central limit theorem (CLT) holds under the null. In

particular, we have

Jr T QiU < Dio(r) + X[B@Y =) | o | T i
Jr THL (vee(A) - vee(J(a(r). B(7))) Tar Vo

where 1711 s positive deﬁnz'te.8

Lemma 1 Let m =137  Qx;(1{Y; < Dja(r) + X'B(1)} — 7) and
vec(f) = %Z?:l vec(M;) — ‘721171_117%.

nm v Vi 0
Then, v = ' ~ N(0, H ).

~

Vn(vee(J) — vee(J(a(r), B(r))) vee(Uz) 0 Voo — VuViy' Vi

Proof. Results directly from Assumption 2. m

The most straighforward way of testing is to use the distribution of y/nm, which results in the

famous AR statistic:
AR (a(7), B(7)) = (Vi) Viy* (Vi) < *(dim(Qx))

regardless of identification. Although AR*(«a(7),5(7)) is an easy method of testing, it wastes
degrees of freedom when the model is highly overidentified. Therefore, as Kleibergen (2002, 2005)
suggests, its power property can be improved by projecting \/nm on the space determined by the
Jacobian part. Note that .J is estimating J(a(7),3(r)) in the sense that J % J(a(7), (7)) and

that it is asymptotically independent of \/nm. Its independence is crucial for the following theorem.

Theorem 1 Let S; = (VnJ)' Vi /. Then, Ki(a(r),8(r)) = S ((vnd) Vi (Vad)~Ls: %
X2(1 + k) when J(a(T),B(7)) is (i) 0, (ii) O(ﬁ) or (iit) of full rank, where k is the dimension of
B(r).

Proof. See appendix. m

Since f,(0 | D, Z, X) is not known, K} (a(7), 5(7)) is infeasible. This discussion, however, shows

how the robust statistics can be obtained when the GMM objective function is not differentiable.

8The dependency of the variance on a(7), 3(7) is suppressed for the sake of simplicity. Throughout this paper, all

the variances will be continuous updating ones that depend on the null hypothesis.



The score of the objective function is not available but the score statistic can be mimicked by using

the score of the limit function. Note also that K (a(7),8(7)) = (\/ﬁﬁl)’V_%Pf/ 3o
1

~_1 .
where P__, _is a projection onto the column space of V;,2J. Therefore, K} (a(7), 5(7)) also gives
Vi, 2T
the orthogonal decomposition of the Anderson-Rubin statistic.”

3.2 Computational Issue and Concentrated Moment Condition: Two-Step AR
Statistic

Recall that the main interest of this paper is in testing the structural parameter a(7). At least
conceptually, this can be done in a straightforward manner: (1) Obtain an estimator 3(r, a(7)), 1°
given the hypothesis of a(7) from the moment condition: m(a(r),8) = 0 when 5 = B(7,a(7)) =

plim B(T, a(7)).1 (2) Plug in B(T, a(7)) to the joint test statistic. That is, find K} (a(71), B(T, a(T))).

(3) Adjust the degrees of freedom. As long as %};Lﬁ) |6=p(r,a(r)) has a full column rank, the
resulting statistic, K (a(7), B(T, a(1))), will be robust to weak values of 8m{§375) la=a(r),8=8(r,a(r))

(see e.g., Kleibergen 2002, 2004, 2005). The difficulty is that it is computationally infeasible because
finding (7, (7)) from the given moment condition requires a grid search over a potentially high

dimensional space.

To overcome this computational difficulty, it is noted that finding an estimator 3(7', a(T)) using
m1(a(7),8) = 0 only does not require the grid search because it is simply a conventional quantile
regression problem that can be easily solved by linear programming (see Koenker and Basset (1978)
and Buchinsky (1998), among others). Therefore, the following strategy is taken. First, define
B(7,a) that solves mj(a,3) = 0 for each o and consider the concentrated moment condition,
me(a) = ma(a, B(1,a)) = EW;(1{Y; < Dija + X/B3(1,a)} — 7)) = 0 when a = (7). The AR
statistic testing a(7) can be easily obtained by this two-step strategy (Honore and Hu (2004)).
However, the power issue arises due to wasted degrees of freedom; therefore, this paper pursues
the orthogonal decomposition of this two-step AR statistic. For this purpose, the Jacobian of the

concentrated moment condition is considered. First, the following assumptions are made.

YAR; (a(7), B(1)) = Kni(a(r), B(1)) + T (1), B(T)),
-p

where J3(a(r), B(r)) = (Vam) Vi, (1 = P__y Vi, (viuim).

193(r, a(r)) emphasizes that it is obtained under the null hypothesis of a(7).

" Of course, under the null of a(7), B(r, a(r)) = B(7).



Assumption 3 ¢ =Y — Da(r) — X'B(7, (7)) has a well defined density conditional on D, Z, X,
fe(s | D, Z, X) and it is bounded away from 0 at s = 0, where 3(7, ) solves mi(«, 3) = 0 for each

.

Assumption 4 E(XX'f.(0| D, Z, X)) is non-singular.

Assumption 4 requires that 3(7,«) is well identified from the first set of moment conditions,
mi (e, B(T,a)) = 0 for each a.
Lemma 2 Under assumptions 3 and 4, we have I' =T'(a(7), B(7, (7)) = 8"56050‘) la=a(r)
= BE(QDf.(0 | D,Z,X)), where Q = W — AX with A = E(WX'f.(0 | D, Z,X))E(XX'£.(0 |
D, Z, X))

Proof. See appendix. m

Note that when E(QDf.(0 | D, Z, X)) = 0, a(7) is not identified. The following sections discuss
a test of a(7) that is robust to weak values of E(QDf.(0 | D, Z, X)). It will be first assumed that
B(r,a(r)) is known, and this assumption will be removed in section 5. Note also that @ is the
transformed instrument which will be different from W unless A = 0. Throughout the discussion,
it will also be assumed that the transformed instrument () is known. Then, using the estimated @)

will be briefly discussed at the end of section 5 (see also appendix).

4 Testing a(7) with a Known S(7, a(71))

This section considers the test of a(7) with the assumption that 5(7, a(7)) is known. It will be
shown that the proposed test statistic is robust to weak values of I' = E(QDf.(0 | D, Z, X)). As
mentioned before, directly smoothing the objective function with a cdf type kernel is not pursued
because it raises a bias issue from the first step of defining the AR statistic. Nevertheless, it is useful
to estimate I' = E(QDf.(0 | D,Z, X)) by considering its derivative. Hence, a hybrid approach is
taken where the indicator is smoothed only to deal with the derivative part while the indicator in
the moment condition itself is left unsmoothed. In order to achieve this, the following assumptions
are made. For the sake of notational simplicity, let Y=Y — X’B(7, a(7)). The data are assumed to
be did.

10



Assumption 5 We have a kernel k(v) such that sup | k(v) |< oo, [ | k(v) | dv < oo, [k(v)dv =1,
[k(v)?dv < oo, and | v || k(v) |— 0 as | v |— 0.

Assumption 6 f.(s| D, Z,X) is twice differentiable at s = 0.

These are the standard assumptions for the kernel of density estimation. The density of N(0,1)

is common for k(v).

Lemma 3 Let fn,h = ﬁ Yo QiD;k(=*), where h is a bandwidth choice. Then, fn’h ~T 20
as h | 0 and nh — oo. In particular, for any sequence hy, > 0 with h, — 0,nh, — oo, we have

fn,hn 2T asn— oo.
Proof. See appendix. =

This lemma suggests using fn,hn for the robust statistic. For this purpose, the joint distribution
of /nm. = ﬁ Yoy Wi(1{Y; < Dija(1)} — 1) and \/nhn(fmhn —T) is considered in the following

assumption. Note that W; and Q; = W; — AX; are being used for m,. and fn’hn, respectively.

Assumption 7 For any h > 0, suppose
N ) Vo Vian

= , where V' 1is positive definite.

Var( N
vnh(Typ — E(Ty, 1)) Voin Voo,

Then, for any sequence hy, > 0 with h, — 0, nh, — oo, we have

2

V Vv12,hn \/’Emc

N iN(O,I) as n — oo.
Vath Va2 b, Viha (T p, = E(Tn,n,,))

Assumption 7 is a central limit theorem with a sequential h, and it is satisfied under mild
conditions such as | k(v)*dv < oo for any § > 0. Note also that the dependency of the variance

on the null hypothesis is suppressed for the sake of notational simplicity.

Lemma 4 As h | 0, we have Va1, = V1/2,h — 0 and Vg, — Vaa. Also, we have \/nh(E(fmh) —
a1 E(QiDi(—fL(0 | Dy, Z;, X)) [vk(v)dv if Vnhh — ¢

I')— B= .
25 B(QiDif!(0 | Dy, Z;, X)) [v?k(v)dv if Vnhh* — ¢y and [ vk(v)dv =0

In particular, for any sequence hy, > 0 with hy, — 0,nh,, — oo, and /nhyh, — c1 (or \/nhnh?1 — Cy

11



and [vk(v)dv = 0), we have

NG . 0 Voo
N — N( , ) as n — oo.
Vnhy(Typ, —T) B 0 Voo

Proof. See appendix. m

Notice that the asymptotic independence is due to the difference in the convergence rates of
the top and bottom parts. If the true conditional density f.(0 | D, Z, X) were known, I' could
be estimated with /n rate. However, because the true conditional density is not known, it is
not possible to do as good a job and the convergence rate becomes slower than /n. The slower

convergence rate of the bottom makes it asymptotically independent of the top part.

Theorem 2 Consider a sequence hy,, > 0 with h,, — 0,nh, — 0o, and \/nh,h, — c1 (or \/Wh% —
c2 and [vk(v)dv = 0) and let S, = (\/mehn)’v_l(\/ﬁfﬁc).

Define K, = S, (v/nhnLpp, )V (V1 D, ) 1S

Then, K, LN x2(1) as n — oo when T is (i) 0, (44) O(ﬁ), (ii1)O(—2=) or (iv) of full rank.

nhn

:

Proof. See appendix. m

Since K, can be written as (y/nm.) VféPvf 1a V2 (v/nm.), the orthogonal decomposition
n,hn

of the AR statistic can be obtained as before: 12

AR, = (Vam)'V (Vame) 5 (dim(W))

= K,+J,

)Vfé(\/ﬁfﬁc). K, and J, are asymptotically independent

n

ol
where J,, = (v/nm.)'V"2(I — PV*%fn,h

by construction.

Some remarks are necessary. First, while K, is not a score statistic from the GMM objective
function whose derivative is almost everywhere 0, it is based on the score of the limit function.
It implies that K, is likely to show some spurious power declines over the points where the score
function is actually 0. This is a well known phenomenon and it can be overcome by using the
suggested orthogonal decomposition. The next section will explain how to use these orthogonal
components for conducting inferences; that section also develops the feasible versions of these

statistics. Second, comparing it with the Wald statistic, the distribution of /nm, is directly used

12 py is the projection onto the column space of X.

12



without trying to connect it with y/n(a(7) — «(7)). In this sense, K,, shares the spirit of the AR
statistic. The difference from the AR statistic is that K,, does not use the whole \/nm, but only uses
its projection onto a certain space by which the degrees of freedom of the AR statistic is reduced.
Since the AR statistic is the joint test of the location of «(7) and the overidentifying restrictions, it is
hard to interpret inferences based on the AR statistic. This decomposition provides a better means
of interpretation. Lastly, it is pointed out that these statistics are infeasible because S(7, a(7)) and

Q; = W; — AX; are not known.

5 Testing «a(7) with an Unknown S(7, a(7))

It has been assumed so far that the true 5(7, a(7)) is known because once the location of «(7) is
hypothesized, 5(7,a(7)) can be easily estimated by conventional quantile regression (Koenker and
Basset (1978)) without any computational difficulty. In this section, relaxing the assumption of the

known S(7, (7)) is explicitly considered and the feasible counterparts of K, J,, will be proposed.

Jal 0

First, let T, = and define

0 vVnhl

me(a(r),8) | Ly Wi({Y, < Dia(r) + X[} — 1)

=~ n D;a(T)+X!B-Y;
Fn,h(a(T)7 6) ﬁ Zi:l QZDIk((H_%)

For the sake of convenience of discussion, some definitions are made.

(5.1)

me(a(r), B)
Tyn(o(7), B) — E(Ton(al(r), B(r,a(1))))
me(a(T), B)

E(Tn(a(r), 8) = E(Cop(al(r), B(r, (7))

Definition 1 For any h > 0, define Gy, p(o(7),8) =

and Gp(o(1), ) = E(Gyp(a(1),5)) =

Note Gp(a(1), B(T,a(7))) = 0.

The sub-index h in Gp(«(7), ) indicates that its bottom part depends on h. Subtracting

~

E(Ty, n(a(r),B(T,a(r)))) is a normalization for convenience.
Then, the following assumptions are made.

Assumption 8 There is an estimator B(T, a(T)) that is asymptotically linear with respect to some
influence function Z;. That is, \/H(B(T,Q(T)) — B(r,a(1))) = ﬁ > o1 Ei 4 op(1) where E; are iid

with mean zero. B(T, a(7)) can be obtained by conventional quantile regression of Y — Da(7) on X.
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. _ me(e(7), B) .
Assumption 9 G(a(1),B8) — G(a(1),8) = uniformly, at

I(a(r), 8) = T(e(7), B(7, a(7)))
least locally around B(1, (7)) as h | 0.

Assumption 10 G(a(7),[) can be linearized with respect to  around (1, a(T)).

That is, G(e(7), B) = H(B = B(7, (7)) + o(|| 8 = B(7, (7)) ||} for some H.
!/
We will write H = { H, H} } where Hi, Hy are from the top and the bottom parts of G.

Assumption 11 For any h > 0, suppose
Hlﬁ 2?21 5 ) _ Ve V1*2,h
0 Vorn Vaan

Var(Yp, nGpn(a(r), B(1,a(1))) + , where V* is positive

definite.

Then, for any sequence hy, > 0 with h,, — 0,nh, — 0o, we have
2

o Hi—= Y1 B
o (o Gy (@(7), Ao alm))) + | VT
Vath, Voo, 0

VeV
12,7 )} -5 N(0,I) as n — oo.

Assumption 12 For any 6, | 0 and for any sequence h,, > 0 with h,, — 0,nh, — oo, we have

SUD| 5 p(r.a(r) | <on || Lo (G, (a(7), B) = G, (a(7), B))
—Y b (G, ((7), B(T, (7)) = Gh,, (au(7), B(T, (7)) ||= 0p(1) as n — oco.

Assumption 13 For any seqeunce h, > 0 with h, — 0,nh, — oo and v/nhyh, — c1 (or
Vilhahl = ez if [vk()dv = 0), Bup, (@(7),8) = vVilo(ETup, (1), 8) = T(a(r),8)) —
B(a(r),B) uniformly in 3, at least locally around (1, (7)) as n — oo.

We also assume that B(a(1),3),T'(a(7), B) are continuous at 5 = B(T,a(T)).

Assumption 12 is a stochastic equicontinuity with a Lindberg type condition (see e.g., van der
Vaart and Wellner (1996, theorem 2.11.1) for primitive conditions). It is a restriction on the class
of functions involved in Gy, p, (o(7), 8). Since the indicator function and the family of parametric
densities satisfying the Lipschitz condition are typically allowed, this assumption holds with various

choices of kernels.

For assumptions 9 and 13, the pointwise convergences of Gy, (a(7), 3) and By, 4, (a(T), 5) can

be verified by direct computation due to lemma A in the appendix. The local uniformity is satisfied

when Gy, (a(7),8) and By, p, (a(7), 8) are equicontinuous.'?

B3 g, (z) is said to converge to g(z) locally uniformly around xzo when for any sequence &, | 0, SUP |5 ao | <6, I
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Lemma 5 Under these assumptions, for any sequence h, > 0 with h, — 0,nh, — oo, we have

Hl\/ﬁ(B(T7 Oé(T)) - 6(7—7 a(T)))
0

Yo (G ((7), BT, (7)) = Lo, Gy (), BT, 7))+

+o,(1).

Proof. See appendix. m

Lemma 6 Ash | 0, we have V3, ,, = V5, — 0 and V3, , — V5.
In particular, for any sequence hy, > 0 with h, — 0,nh, — oo,and \/nhyh, — c1(or \/nhnh% — Cy
and [ vk(v)dv = 0),we have
fmc( ( ),B(T,(X(T))) d 0 4 0
. — N( ;
nhn (T, (a(7), B(r, (7)) = T(a(r), B(7, a(7)))) B(a(r), B(r, a(7))) 0 Vi

as n — 00.
Proof. See appendix. m

Lemma 6 shows that the robust statistics can be obtained by using B(T,OZ(T)) instead of
B(r,a(r)). However, unless H; = % |6=8(r,a(r))= 0, the variance matrix is different from
that of the previous section and the variance effect of /3 (1, (7)) should be taken into account as
is standard in the two-step estimator theory (see Newey and McFadden (1994)). Generally, V* can
be estimated by either kernel smoothing or bootstrap. Bootstrap is, however, not computationally
attractive because V* is the continuous updating variance that depends on «(7). To construct a

confidence set, the bootstrap would have to be repeated for every hypothesized a(7). For the kernel

smoothing estimation of V*, see the appendix.

Theorem 3 For any sequence hy, > 0 with h,, — 0,nh, — oo, and \/nhyh, — c1 (or \/Wh% — Co
if [ ok(v)dv = 0), let S = (VAT (a(7), B(r, a(r))' V" (y/ame(a(r), Blr, a(r))).

Define Ky = S, (VL p, ((r), B(r, (1) V1 (V1B L, (a7), B(T, (7)) 1S

Then, K, < x2(1) as n — oo when T'(a(r), B(t,a(7))) is (i) 0, (i) O(ﬁ), (#43)O(—2=) or (iv)
of full rank.

gn(z)—g(z) ||— 0. Notice that it clearly holds when g, (x) is equicontinuous, g(x) is continuous at zo, and g, (z) — g(x)
at each z because we then have gn(x,) — g(zo) for any z, converging to xo.
Instead of providing primitive conditions for the equicontinuity, only the necessary high-level assumptions are

stated.
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Proof. Follow the proof of theorem 2, using lemma 6. =

K, is the counterpart of K, in using B(T,OZ(T)). Strictly speaking, K, is still infeasible be-
cause the transformed instruments @Q; = W; — AX; are not known, where A = E(WX'f.(0 |
D,Z, X)E(XX'f.(0| D,Z, X))~'. However, notice that A can be consistently estimated by
A = (ks S0y WX (RN V) s o g et X el Yoy 1y

fact, the convergence rate of Anyhn is given by v/nh,, under mild conditions; therefore, using A\n,hn
instead of the true A will only change the asymptotic variance V55, except for some additional bias
to B(a(7), (7)) in lemma 6. Since the bias and the variance of the bottom part do not matter for
the robust statistics, A\n,hn can be used in place of the true A without changing the main results of
theorem 3. The assumptions needed for this argument are exactly parallel to those in this section

and thus are not stated here. See appendix.

Note also that the orthogonal decomposition of the AR statistic is similarly obtained: Iy =
Z}\%n - IA(n, where I?n, jn are asymptotically independent by construction. Therefore, the following

procedures are proposed in order to test a (7). Let crt,  be the a% critical value from x?(k).
(1) Two-step AR test: Joint test of the location a(7) and the over-identifying restrictions.

e Step 1: Obtain 3(7’, a(1)) from quantile regression of Y; — D;a(7) on X;.

o Step 2: Obtain AR, = (vai.(a(r), B(r, () V* " (ame(a(r), B(r,a(7)))).

— Reject a(7) when AR, > Tt o, dim(W)-

(2) Three-step decomposition of the AR statistic.

e Step 1: Obtain B(T, a(7)) from quantile regression of Y; — D;a(7) on X;.

e Step 2: Obtain
-~ n Dia(r)+ X8 7,a(T))=Y; n D;a(r X;A 7,a(T))=Y i\ —
An,hn _ (% Zi:l ‘/VZXZ/k( (1)+ 25( (1) ))(ﬁ Zi:l XzXl,k?( (m)+ 5( (1)) )) 1

n n

e Step 3: Obtain K, by using @Z =W, — A\n,hnXi'

— Orthogonal decomposition of ;1]\%”: jn = Z}\Zn — I?n

— Modified K test: Reject a(7) when IA(n > crta-
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— Modified K-J combination: Reject a(7) when K, > crta1,1 Or Ty > crt o2, dim(W)—1s

where al + a2 = .14

The decomposition of the AR statistic is computationally attractive since only V* is used
for each orthogonal component. Kleibergen (2005) also suggested the GMM counterpart to the
conditional likelihood ratio statistic of Moreira (2003). Kleibergen considered conditioning on a
rank statistic testing the reduced rank of I'. In principle, this approach can be extened, but such
extension is not considered here.!® For the estimation of V*, either kernel smoothing or bootstrap
can be used. Bootstrap is, however, not computationally attractive because V* is the continuous
updating variance that depends on a(7). To obtain a confidence set, the bootstrap will have to be

repeated for every hypothesized «(7). For the kernel smoothing estimation of V*, see appendix.

6 Simulations

For simulation purposes, the simplest location model is used. The experiments use the following

design.

D; = 1 +Zy+V

where 3(s) = ®71(s),U; ~ uniform(0,1). This is a location model in the sense that a(7) = ag

for all 7 € (0,1). It is also assumed that Z; = [Z2;, Z3i, ...., Zoi]' ~ iid N(0,13),'0 [B(U;), Vi)' ~
1

iid N (0, P ), and that Z; and [B(U),V] are independent. Note that p # 0 implies the

p 1
endogeneity of D;. The parameter of interest is the 7t quantile effect of the exogenous change of

D;. That is, the goal is testing Ho : (1) = ay for a given 7.7 If it is known a priori that a(7) = ag

for all 7, then this is a standard simultaneous equation model and there are many other methods

MNote that Pr( I?,,L > crta1,1 OF jn > Crtagydim(w)_l) =al+a2—al *xa2 = al + a2 = a by the independence of
I?n and jn.

'5This will require estimating the variance of the bottom part, which is affected by the estimation of A\n,hn~ See

appendix.
167, is a k x k identity matrix.

'"We distinguish the true value ao from the hypothesized value ag.
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to estimate and test g, such as 2SLS and LIML. Nevertheless, this design is used for the following
reasons. First, the instrumental quantile method is sometimes preferred even in this simple location
model because of its robustness to the outliers (Chen and Portnoy (1996), Honore and Hu (2004)).
Second, the possibility of quantile effect heterogeneity should be allowed for, and thus assuming a
priori that a(7) = g for all 7 is not desirable. Third, the purpose of the experiments is to see the
power properties of the developed methods under the various values of the Jacobian of the limit

function, and thus a sufficiently simple model with the analytically tracktable Jacobian is preferred.

/ —
For a given 7 € (0,1), let m(a, 8) = | my(a, B) ma(a, B) ] = E(Qxi({Y; < Dia+8}—1)),
/
where Qx; = { 1 Z } . Define (7, ) that solves mj(a, ) = 0 for each «, then consider the

concentrated moment condition: m.(a) = ma(e, B(7,@)) = 0 when a = a(7) = ag for any given 7.

Note that the designed setup is simple enough to analytically compute the Jacobian evaluated

at a = «p.

ome

Yllbe 6(7’,0&0)2
oJe"

1
la=ap=T1 = (27) "2 exp(— 5

War(Zi)vy (6.2)

For the derivation, see appendix.

The full rank assumption of I" hinges on several points. The variation of Z; should be sufficiently
rich and 7y, should be non-zero. Given the variation of Z;, when v, is too close to 0, the identification
becomes weak. Another interesting feature is that the local identification is also affected by 7.
Recall that B(7,aq) is the 7" quantile of Y; — Dyap = B(U;). Hence, it is easy to see that
B(r,a0) = B(r) = ®~I(7). Since exp(—w) is maximized at 7 = 0.5, the median effect,

a(0.5), is best identified. When the given instruments are weak, the identification of the tail

quantiles will suffer more seriously than that of the median effect.

The fact that the identification depends on 7 is interesting. Although the median is better
identified than the tails in this simple setup, this is purely due to the artificial design. In practice,

it is never clear for what quantiles the given instruments will be most informative.

In the power experiments, the sample size n = 500 was used, and 1000 repetitions were made
for Monte Carlo. p was set to be 0.8 so that D was highly endogenous. v; and 7, were set to be 1
and w * { 11 ]', respectively, where w € {0, 0.02,0.05,0.10,0.20, 1.00}. When w = 0, there
is no identification. When w = 0.02, 0.05, the model is weakly identified and w = 1.00 is the strong

identification case. 7 = 0.25, 0.50, 0.75 were considered.

18



Figures 1 through 3 illustrate the power curves of the various test statistics. Hp : a(7) = 1 was
considered as the various values of ag were tried. h,, = n~% was used as the bandwidth choice.!8
For expository purposes, the power curves of the Wald statistic from the smoothed GMM and
the Wald statistic from the dual inference method®” proposed by Chernozhukov and Hansen (2004)
were also computed. The dual method, AR, K, J, and K-J combination give the approximately
correct size regardless of the quality of identification. In case of the complete lack of identification,
none of these statistics have any spurious power. The power declines of the K statistic can be
explained by the shape of the limit function since it is based on the score of the limit function.
Note that the power declines of the K statistic could be easily fixed by combining it with the J
statistic which is the other orthogonal component of the AR statistic. It is also worth noting that

the power curve of the dual inference method is similar to that of the AR statistic. This is not

surprising because both of them test the location and the overidentifying restrictions jointly.

18The bandwidth choice issue is not addressed here because it is beyond the scope of this paper.

(@(r), B(r)) = argmina,s(SL; Qi (K (P2525) — 1) (3 300, QxiQxi) ™ (1L Qua(K (P50 — 7)),
where K (v) is a cdf type kernel and Qx; = [ 1 Z ] .
For K (v), ®(v), the cdf of the standard normal distribution was used (see McCurdy and Timmins (2001)).

20Under Hy : a(r) = aum, run a quantile regression of Y — Day on X and Qx and construct the Wald statistic

testing the coeflicients of Qx equal 0 (see Chernozhukov and Hansen (2004)).
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Figure 1: Power Curves for Testing a(0.25) = 12!
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2I'The ¢ axis is ao and the y axis is the level of rejection rates. The nominal size of these tests is 5%. For the K-J

combination, the experiments used 4% for part K and 1% for part J.
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Figure 2: Power
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22The ¢ axis is ao and the y axis is the level of rejection rates. The nominal size of these tests is 5%. For the K-J

combination, the experiments used 4% for part K and 1% for part J.
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Figure 3: Power Curves for Testing a(0.75) = 1%
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23 The ¢ axis is ao and the y axis is the level of rejection rates. The nominal size of these tests is 5%. For the K-J

combination, the experiments used 4% for part K and 1% for part J.
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7 Empirical Example: Returns to Schooling

This section considers an empirical example using the data analyzed by Angrist and Krueger
(1991). Angrist and Krueger used birth quarter as an instrument for estimating the effects of
compulsory schooling on earnings, which sparked much controversy about weak instruments. The
sample used, consists of 329,509 men born between 1930-1939 from the 1980 census. This data
set was used by Angrist, Imbens and Krueger (1999) and is accessible on the web via the Journal
of Applied Econometrics. The dependent variable Y is the log weekly wage, and the endogenous
variable D is the years of schooling. The exogenous variables (X) consist of 10 dummy variables
indicating the year of birth. The instruments (Z) are the quarter of birth interacted with the
year of birth. Hence, there are 30 instruments, 10 (included) exogenous variables, and a single
endogenous variable. This is a simple specification of Angrist-Krueger, which does not include the

state dummies and their interactions with the year of birth.

While Angrist et al. (1999) estimate the mean effect by the conventional 2SLS, LIML, and the
jacknife IV method, Honore and Hu (2004), Lee (2004), and Chernozhukov and Hansen (2005b)
consider the effects of schooling on various quantiles. Chernozhukov and Hansen (2005b) consider a
different specification that includes the state dummies, and they use a different estimation method,
which ignores the potential issue from weak instruments. Honore and Hu (2004) use the two-step
AR statistic with a sub-sample of white men. Lee (2004) investigates the same sample and the same
specification as those considered here, but he uses a different method, which ignores the potential
weak instrument issue. Although these previous studies use a different sample or specification, it is
interesting to compare them with the results obtained here because the potential weak instrument

issue is explicitly considered here.?*

Lee (2004) and Chernozhukov and Hansen (2005b) found that education effects are larger at
the lower end of the income distribution. It is, however, found that these results should be more

carefully understood because the data are not informative for the lower quantile effects.

As a bandwidth choice, h,, = n~5 was used. The pdf of the standard normal distribution was
chosen as a kernel. The 95% confidence sets are provided in Figure 4. The returns to schooling for

the 7t quantile are defined as the effect of the exogenous change of education on the 7**quantile

*Honore and Hu (2004) noted the weak instrument problem. However, they only considered the 25" 50" and

75" percentiles with the AR statistic, which wastes many degrees of freedom.
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response function of the potential log wage, which was denoted by «(7) in the previous sections.
The values of «a(7) that could not be rejected by the AR test and the K-J combination were
collected to obtain the confidence sets. For the K-J combination, 4% and 1% critical values were

used for each K and J component, respectively.

The confidence sets found here are similar to those of Lee (2004) and Chernozhukov and Hansen
(2005b) for the upper quantiles. However, the lower quantiles are quite different. The robust con-
fidence sets for the lower quantiles are much wider than the results in those studies. This indicates
that the weak instrument problem is concerned with the lower end of the income distribution and
that the tight confidence sets for these quantiles are misleading. Although education effects on the
upper quantiles seem to be quite constant, the effects on the lower quantiles still remain obscure.

The confidence sets for the upper quantiles could be tightened by using the K-J combination.

Figure 4: 95% Confidence Sets for Returns to Schooling?
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25The exogenous variables are 10 dummies indicating the year of birth, and the instruments are 30 dummies that
consist of the quarter of birth interacted with the year of birth. For the K-J combination, 4% and 1% critical values

were used for each K and J component, respectively.
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8 Conclusion

We considered the linear instrumental quantile model proposed by Chernozhukov and Hansen
(2001, 2005a, 2005b) and developed test procedures that are robust to the potential identification
difficulty (Dufour (1997) and Stock and Wright (2000), among others). Specifically, we first consid-
ered a two-step AR statistic and obtained a three-step orthogonal decomposition of the AR statistic,
where the null distribution of each component is robust to weak values of the Jacobian of the con-
centrated moment condition. Removing the identification assumption is particularly interesting in
quantile models because (1) defending instruments is not as easy as in mean regression models,
and (2) given the instruments, the identification depends on what quantile effects are examined. It
is never clear for what quantile effects the given instruments are most informative. In particular,
when the instruments are weak, the identification of some quantile effects can be relatively harder

than that of others.

As an empirical example, returns to schooling using the Angrist-Krueger data were examined,
and confidence sets for various quantile effects were obtained. Although returns to schooling for
the upper quantiles seem to be quite constant, the robust confidence sets for the lower quantiles
were far wider than those obtained by Lee (2004) and Chernozhukov and Hansen (2005b). This
indicates that the given instruments are not informative for the lower quantiles, and thus education
effects on the lower distribution of income still remain obscure. The confidence sets for the upper

quantiles could also be tightened by using the decomposition of the AR statistic.

As an alternative in the literature, a control function approach in a triangular system has
also been suggested for endogenous quantile analysis (Imbens and Newey (2002), Chesher (2003),
Ma and Koenker (2004), Lee (2004)). The advantage of the GMM approach is that the weak
identification problem is well understood while there is little discussion on this topic in the control
function approach. There is, however, an important limitation in the GMM approach: it only
considers different quantiles of outcomes and does not explicitly model heterogeneous effects of
instruments on an endogenous variable. In constrast, the triangular system directly models the
first-stage equation and thus provides the better framework to discuss the idea of local instruments
and identification pitfalls: the instruments do not affect a particular quantile of the endogenous
variable although they do affect others. Therefore, identification, lack of identification, and inference

in the triangular system are worthy of further study, and they are left for the future research.
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Appendix A: Lemma
First, we state the following lemma, which is used extensively.

Lemma A Suppose ¢ is a Borel measurable function on R¥ such that
) 1 gw) | du < o
(i) || 1¥] g(u) | Oas || u |- 0
(iii) sup | g(u) |< oo
Suppose that f is another function on R¥such that [ | f(u) | du < cc.
Then, at every continuity point z of f,we have [ #g(%)f(m —2)dz — f(z) [g(u)du as h | 0.

If f is uniformly continuous, then this convergence is also uniform.

For proof, see Pagan and Ullah (1999, p.362).

Appendix B: Proof of Theorem 1

S
Viwee(T) — y/vee(J(a(7), B(7)))
‘Tfl 0 Vll 0

= _ ~ N( , _ _ _ _ l)asn— oo.
UGC(\IIQ) 0 0 V22 — V21V1_11V12

From lemma 1, we have

In particular, Urand Woare independent.
Hence, S;‘L’(\AIVI’Q‘ZIKI}Q)AS:L | U, <, x2(1), and since the asymptotic distribution does not depend
on \Tlg, it is unconditional.

From \/nJ = Uy,we have K} = S:L’((\/ﬁj)"N/ﬁl(\/ﬁj))_lS; <, (1 +E).

(i) When J(a(7), B(7)) = 0 : note that \/nJ = Us.

Therefore, 5% = (v/nJ) Viy (vamy) = B/ Vii Wy | Uy ~ N(0, Uy Vi Wy).

Hence, S;‘L’((Ivfg’ffﬁllffg)_lb’; | Uy LA x2(1 + k), and since the asymptotic distribution does not
depend on \T/z, it is unconditional.

From +/nJ = Wy, we have K = S ((vnJ)' Vi1 (vad))~1S: 5 x2(1 + k).

(ii) When J(a(r), (7)) = C/y/n, where C is of full rank: note that /nJ = Uy + C.
Therefore, S = (v/nJ) Vg (Viig) = (U2 + C)'Vip ¥y | By ~ N(0, (B + C)' Vi (B + C)).
Hence, S ((Ug+C) Vi (T +C))71S* | Uy < x%(1+k), and since the asymptotic distribution

does not depend on CI}Q, it is unconditional.
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From \/nJ = Uy + C, we have K} = S;:’((\/ﬁj)’f/ﬁl(\/ﬁj))_lb”; LA X2(1+E).

)) is of full rank: note that J 2 J(a(r), B(7)).

(iii) When J(a(7), B(T
Sy = IV (Viing) = J(al7), B(r)) Vi B ~ N (0, J (a(r), B(m)) Vi I (a(r), B(r))).
) (I (e(7),

B(r)

Therefore, 1n
(I ((r), B(7)) Vi T (al7), 5(7)))_1(\%5*)i X1+ k).
From J 5 J(a(r), ), we have K*—S*’((fJ) (fJ)) leLgXZ(l—i-k). [ ]

Hence, (T

Appendix C: Proof of Lemma 2

Recall that m; (o, B(1, ) = E(X(1{Y < Da+X'B(r,a)} —7)) = 0 by the definition of 5(7, @)
for each a.

Letting e = Y — Da(1) — X'B(7,a(7)), we have m1(a, B(1,)) = E(X(1{e < D(a — a(7)) +
X'(B(r, ) = B(r,a(7)))} — 7)) = 0.

Note that we can rewrite this as mi(a, (7, «)) = E(X (Fo(D(a—a(7)+ X' (B(1, a)—B(T, (7)) |
D, Z, X)—7)) = 0due to the law of iterated expectation, where F¢(- | -)is the conditional distribution
function of e.

Under assumption 4, we apply implicit function theorem to obtain

0B(r, @)

o |a:a(r): _E(XX/fe(O | D, Z, X))ilE(XDfe(O | D7Z7X))

Now, consider the concentrated moment function, m.(a) = ma(a, B(1,a)) = BE(W(1{Y <
Da+X'p(r,a)}—71)) = EW(F(D(a—a(1))+ X' (B(1,0) = B(7, (7)) | D, Z, X)—7)). (We used

the definition of € and the law of iterated expectation.)

8

By the chain rule, we know that ng la=a(r),8=8(ra(r)) —|—(%—’E? la=a(r),8=8(r,a(r))

oB(r,
)(2BTe) | o).

Therefore, we have

ome

| a=a(T)
Oa
— B(WDf.(0|D,Z, X)) — EWX'£.(0| D, Z, X)) E(XX'f.(0 | D, Z, X)) E(XDf.(0| D, Z, X))

= E(W - AX)Df.(0| D, Z, X))

where A= E(WX'f.(0| D, Z,X))E(XX'f.(0 | D, Z, X))~
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Appendix D: Proof of Lemma 3

First, note that the convergence of each element of fn,h is enough because fn,h is only finite

dimensional.

Let f{l ;, be the §t element of fn,h. Similarly, we will denote the j** element of I as IV,
Then, E(TY , = T9)%) = Var(T? ) + (BE(TY ) = T9)%. (That is, MSE = Variance + Bias?)
We will show that Var(ff;’h) — 0 as nh — oo, h | 0 and that (E(ff%h) —T9)2 - 0ash|O0.

First, Var(T? ) = Var(4 Y0, QIDik(58)) = & 1Var(Q/Dik(52)), where Q! is the j!*

element of Q);.

Here, 1Var(QIDik(55)) = H{E(QID:)*k(=)?) — B(QIDk(55))%).

Note that LE((Q]Di)?k(58)2) = E(QID;?E(:(58)? | Dy, Zi, X2)) = E(QIDy)? [ k(522 £.(s |
D;, Z;, X;)ds) by the law of iterated expectation.

Since [ +k(5% fe(s | D, Zi, X;)ds — fo(0 | Dy, Zi, X;) [ k(v)®dv as b | 0 by lemma A, we know
that E((QJD;) f Le(55)2f.(s | Di, Zi, Xi)ds) — E((Q)Di)2f.(0 | Dy, Zi, X)) [ k(s)?ds as h | 0.

Similarly, %E(@wik( =0))? = W{LE(QIDik(55))) = M{E(QID; [ Lk(3)/.(5 | D, Zi, X)ds)} —
0- {E(Q{Dife(s | Di, Zi, X;)) [Kk(s)ds}? =0 as h | 0. (We used the law of iterated expectation and

lemma A again.)
Hence we know that %Var(@f Dik(
D;, Zi, X)) [ k(s)?ds as h | 0.
Therefore, we conclude that Var(ffl’ n) = n—Ih%Var(Qg D;k(

) = HE((QID)*k(52)")~ E(QIDik(52))°} — E(Q{Di)*f(0

—*%)) — 0 as nh — oo and h | 0.

Next, consider the bias term.

Note that E(I, ) = E(+Q!D;k(

1)) = E (Q)D; [ +k(55) fe(s | Di, Z;, X;)ds) by the law of
iterated expectation.
Since [ +k(52)fe(s | Di, Zi, Xi)ds — fo(0 | Dy, Z;, X;) [ k(v)dv as h | 0 by lemma A, we have
B(QID; [ 1k(53)fe(s | Dyi, Zi, Xi)ds) — E(QID;f(0 | Dy, Zi, X;)) [ k(v)dv =T7 as h | 0.

Since the vaiance converges to 0 as nh — oo, h | 0 and the bias goes to 0 as h | 0, we conclude
that the mean squared error of fflh converges to 0 as nh — oo, h | 0. Hence, f;h converges in

probability to I'V as nh — 0o, h | 0 by Chebyshev inequality. B
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Appendix E: Proof of Lemma 4

N

) = Vo Vian
Vih(Tpp — E(Top))

Vor,n Voo

Assuming the data are iid, Var([ is given as

follows.

(1) V = BE(W;W(I{Y; < Dio(7)} — 7)%) = me(a(7))me(a(7))".

(i) Vas, = LE(QiQUD2RA(E)) — LE(QiDik(58)) E(QLDik(55)).

Note that + E(Q;Q;D?k*(=%)) = E(Q:QiD? [ +k*(52)f(s | Dy, Z;, X;)ds) by the law of iter-
ated expectation.

Since f TE2(= =2V fe(s | Dy, Zi, X3)ds — fe(0 | Dy, Zi, Xi) [ k(v) Y2dv as h | 0 by lemma A, we have

E(QiQ.D? [ +k*(52) fe(s | Ds, Zi, Xi)ds) — E(QiQiD?f(0 | Di, Z;, X;)) [ k(v)*dv = Vag as h | 0.
For the second term, note that + E(Q; Dik(5%)) = E(Q;D; [ +k(52) fe(s | Di, Z;, X;)ds) by the law
of iterated expectation and it converges to E(Q;D; fc(0 | D;, Z;, X;)) [ k(v)dv =T as h | 0 by lemma
A.Hence, Vag , = + B(QiQ; DE*(55))—h(+ E(Qi Dik(52))) (+ E(QiDik(52))') — Vaa+O0IT = Vag
as h | 0.

(iii) Vig,n = ﬁE(W-Q’-D-k(’”)(l{ei <0} 1)) = =EWi(1{e; <0} — T))E(QiDik(%q>)’~
. (WQ’D k(5 (e <0} —7)) = VRE(WiQ[Dig k(3 ei)(1{6¢<0}—7))
= VhE(W;Q.D; [ +k(52)(1{s < 0} — 7) f(s | Di, Zi, X;)ds) = VhE( WQ’D[ Fh(55) ({72 >

For the first term

0} — 7)fe(s | Di,Zi,Xi)ds). The first equality is simply multiplying and dividing by Vh. The
second equality is by the law of iterated expectation and the third is because 1{s < 0} =
1{7* > 0} for all s. Then, considering k(—z)(1{—z > 0} — 7) as the function g in lemma A,
we know that VAE(W;Q.D; [ +k(52)(1{=2 > 0} — 7)fe(s | Di, Zi, X;)ds) — 0 E(W;Q4D; f(0 |
D;, Z;, X;)) [ k(v) 1{020}—7)dv:0ashi0.

The second term is also negligible because ﬁE(Wz(l{ﬁz < 0}—7))E(Q;D;k(
0} — ) B(QiDAK(E)) — 0+ B(Wi(1{e; < 0} — 7)) B(QiDif0 | D, Zi, X2)) [ k(w)dv as b | 0.

Here the first equality is multiplying and dividing by v/h and the convergence is again by the law

of iterated expectation and lemma, A.

Hence, we conclude that Viap — 0 as h | 0.

Vo Vian V 0
Therefore, — as h | 0.

Vor,n Voo 0 Voo
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Recall that for any sequence h, > 0 with h,, — 0,nh, — oo,
1

—32
VoW nm
we have 12 fen R Ve R <, N(0,1) as n — oo by assumption 7.
v nh(rn,hn, - E(anhn))

Vot n, Voon,

[N

0 nm
Hence, we know that Ve
0 Vi V nh<Fn hn E(Fn hn))
_1 I _i
v oo || vV Vi | n| Vo Vi ’ NGy N
0 Vo Vath, V22,h, Vathn  Vo2,n, Vnh(fn,hn - E(fn,hn))
1
-1 ~
v ‘/iQ,hn \/ﬁmc
Vorh,  Vazh, Vah(Ty p, = E(Tp,))
—3
1% V; nim
=0(1)0,(1) + 12fin ( ‘o 2 N(0,1) as n — oo.
Vorh, Va2 b, vnh(I' — E(T))
nim V o0
Therefore, we conclude that N Ve N 4N (0, ) as m — 00.
vnh(Lpp, — E(Lyp,)) 0 Vo

Now, consider the limit of v/72h, (E(T s, ) — I).

Note that vnfin(E(Tpp,) — T) = vnhn (B(;-Q; Dik(
definition of fn,hn, T.

It then follows that v/nh,(E(Typ,) — T) = vk B(Q;Di( E(E k(7S
D;, Z;, X;))) by the law of iterated expectation.

Here, B(LK(59) | Di,Zi,Xi) — fl0 | Di,Zi, Xi) = [ k(G2 fe(s | Dy, Zi, X)ds — f.(0 |
Di, Zi, X;) [ k(s)ds = [ k(v)(fo(—hnv | Dy, Zi, X;) — £.(0 | DZ-,ZZ-,XZ-))dv

= [k(v)(—=fL0] D,,ZZ,X) U+ %fe”(fu* | Dy, Z;, X;)h2v?)dv, where v* is between 0 and —h,,v.

7;,7)) - E(Qzsze(O ‘ Di7Zi7Xi))) by

<) | Dy, Zi, Xi) = fe(0 |

Hence, \/nhn( (Fn,hn)—r) = V/nh,ho E(Q; Di(— f(0 | D;, Zi, X;)) [ vk(v)do++v/nh,h2 L E(Q;D; fI'(

Di, ZZ', Xz)) fvzk:(v)dv
aB(QiDi(—f{(0 | Di, Z;, X3)) [ vk(v)dv if vnhnhy — c1
23E(QiDif!(0| Dy, Z;, X)) [v?k(v)dv if v/nhyh? — 3 and [ vk(v)dv =0

as n — o0.
nMe ’I’Lﬁ’bc 0
Finally, note that \( = R v R + R
\% nhn(rnyhn - F) Vv nhn(rn7hn - E(anhn)) nhn(E(Fn7h7L) - F)
|

30

v* |



Appendix F: Proof of Theorem 2

Consider a sequence h, > 0 with h, — 0,nhp—o0,vVnhyh, — c1 (or \/nhnh% — ¢9 and
[ vk(v)dv = 0).

N v, 0 Voo
Then, from lemma 4, we have R = ~ N( , ) as
Vil (T, —T) 0, B 0 Vas

n — oo

In particular, ¥; and ¥y are independent.

(i) WhenT = 0 or I' = C} /y/n : note that \/nh, Ly, = Wa. Therefore, S, = (vVnhnlnp, )V "L (VRie) =
VYV =10y | Ty ~ N(0, T,V 10,).

Hence, S/ (WLV ~1W09)71S,, | Uy < x2(1) and since the asymptotic distribution does not depend
on Vs, it is unconditional.

From anhn = Wy, we have K, = S;((an,hn)'vfl(\/mfn,hn))715’” < x2(1) as
n — oo.

(ii) When I' = Cy/v/nhy,, where Cs is of full rank: note that /nh, D, = W3 + Ca.

Therefore, Sy, = (VnhnLpp, )V "L (y/nie) = (Wa+Co) V10 | Wy ~ N(0, (Ua+Cy)'V 1 (Uy+
C2)).

Hence, S/, (Vg + Co)'V =Wy + C3))7LS, | Uy LA x2(1) and since the asymptotic distribution
does not depend on Vs, it is unconditional.

From finLyp, = o + Ca, we have K, = S ((VihinLp, )’V (Wil i) ™ S0 5 x3(1)

as n — Q.

(iii) When T is of full rank: note that fn,hn L, T Therefore, \/%TnSn = f;l,hnv_l(\/ﬁﬁic) =
I'v-1w; ~ N, T'VID).
—_ — d
Hence, (\/iTnS”)/(F/V 1) 1(\/;Tn5n) = 2 (1).
From fn,hn 2 T, we have K, = (\/iTnS"),(F;%th_ Chh,) 1(\/annSn) <, X2(1) as n — oo.
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Appendix G: Proof of Lemma 5

For the sake of notational simplicity, we will write () and 3(r) for B(r, (7)) and B(r, a(7)),
respectively.

Note that

G hy ((7), B)
= {Gnn, (1), 8) = Gn, (a(7), B)} + G, ((7), )
= G(a(7), ) + {Gnn, (a(7), ) = Gh, (a(7), B)} + {Gh, (a(7), B) = G(a(7), B)}
= H(@B-p(r)+oll 8—B(1) ) +{Gnn,(al(r), B) = Gn,(a(7), 8)} + {Gh,(a(7), B) — G(a(r), 5)}
= H(B—=B(7)) + Gun, (a(7), B(7)) = Gnp, ((7), B(T))
+o( || B=B) ) +{Gnn,(a(r), B) = Gh,((7), B)} + {CGn, (a(7), B) — G(a(7), B)}
= Ly, (a(7), 8) +{Gnp, (a(7), B) = Gn,((7), B)} = {Gnp, ((7), B(T)) = G, ((7), B(T))}
+o( | B=8) ) +{Gh,(a(7), B) = G(a(T), B)}

where Ly, p,, (a(7),8) = H(B—5(7))+ G, (a(1), B(1)). (The first and second equalities are simply
adding and subtracting. The third equality is by assumption 10. The fourth equality is adding
and subtracting Gy, p,, (a(7), 8(7)). The last equality is by the definition of L,, , and the fact that
G, (a(7),B(1)) = 0.) The intuition for this decomposition is that G, 5, consists of the linear term,

the stochastic equicontinuity term, the bias term, and the remainder.

Hence,

I Yot (G (@(7), B) = Lo ((7), B)) | (@.1)
| Yot A (G (@(7), B) = G, (@(7), B)) = (Gl ((7), B(T)) = G (), B} |
0 Tun A (a(r), B) = G(a(), B)} || + | Tannoll 8= B 1) |
— | Tosn { (G (), B) = G (a(7), B)) = (G (), B(T)) = G (), BT} |
o(va || 8- () Il ] |
o(v/thn || 8= B(r) )

IN

+ I Tnna{Gh, (1), 8) = Gla(7), B)} || + || {

Here, note that Yy, 5, {Gh,(a(7),5) — G(a(7),B)} =

0
B ((7), ) = Bu, (7). B(7)) ] ‘

(See assumption 13.)

Therefore, for any d,, | 0, we have
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SUP| g—g(r)||<dn || Trha {Gh, ((T), B) — G(a(7), B)} ||
= sup|g_g(r)||<s, || Bn.hn (a(T),B) = Bpp, (a(7), B(7)) ||
) = B(a(7), 8) + B(a(7), B) — B(a(r), B(7)) + B(a(r), B(1)) —

~—  ~—

B
= SUP|gg(r)|<sn | Brh ((7), 8
B, ((7), B(7)) |

< 8up|_g(r)||<on | Brhn (@(7), B)=B(a(7), B) || +sup|s_p(r)|<s, || Bla(r), B)—B(a(T), B(7)) |
+sup|5-p(r)|<s, | Bla(r), B(7)) = Bun, (1), 3(7)) ||

— 0 as n — oo. (By assumption 13.)

Hence, we know that || Y, , {Gh, (a(7), B(r) = G(a(r), B(T))} ||= op(1) with probability going
to 1.

From this, the inequality (G.1), and assumptions 8 and 12, we know that

0o(Op(1))

1= 0p(1)
hno(Op(1))

| Lo (G ((7), B(T)) = L, (alr), B(T))) I 0p(1)+ | {

with probability going to 1.

Therefore, Ty, (G (1), B(1)) = Yoy Loy (1), B(1))) + 0p(1) = Ty, H(B(r) — B(7)) +
Yoh,, Grh ((7), B(T)) + 0p(1) with probability going to 1.

It then follows that Y, . (G p, ((T), B(T)) =Yy h,Gnh, (1), B(T))+

v T op(1).
VhnHon/m(B(r) — A7)

Hence, we conclude that Y, 5., (G, p,, (a(7), E(T)) =T b, Gnh, ((T), B(T))+

0p(1) because VImHa/n(B(7) — (1)) = o(1)Op(1) = o0p(1).
]
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Appendix H: Proof of Lemma 6

For the sake of notational simplicity, we will write §(7) and 3(7’) for 5(7,a(7)) and ,/B\(T, a(T)),

respectively.
H,LSs7 = A s 4.
Note that Y;, , Gy n(a(7), B(T))+ v iz i = \/15 iz A where A; = {W;(1{e; <
n
0 Ty 2ui=1 Bi

0} — T) + HlEi}, B; = (QZDZ]C(_;‘) — E(QlDzk(_hel)))

Assuming the iid data, we can find the variance V*, Voin = Vf‘ih and V35 ;. We then follow the
proof af lemma 4 to show V2*17h = V1*2’7h — 0 and V2*2,h — V55 as h | 0 by using lemma A.
: Ve Vi
Hence, for a sequence h,, > 0 with h,, — 0,nh,, — 00, as n — oo, we have o
Voin, Vaon,

vV 0
as n — 00.
0 Vy
1
A ’ H -0 5
Recall that we have 12,hm { Y01, Gnp, ((T), B(T)) + i Y 4,
V2*1,hn V2*2,hn 0

N(0,I) as n — oo from assumption 11.

Therefore, we have

N

v o0 | _
Yo (G (@(7), B(7))
0 Vi
- -
ve 0 2 Hlizﬂ—15i
= (o G (7), BT)) 4+ | YT 4 0,(1)
0 V5 0
Z ) 1
v Vi, | Hy 5 Y, i
= | P G am) B+ | YT D (1)
| Vsin, Vaen,

4, N(0,1) as n goes to infinity.

v Ve
(The first equality is from lemma 5 and assumption 8. The second equality is because 20 1,

* *
Vo, Voan,

Vs 0
as n — 00. Also, refer to the proof of lemma 4. The last convergence is from assump-
0 V5
tion 11.)
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Ve o0
0 Vo

Hence, we conclude that Y,, 1, (G, p, (a(T), B(T)) — N(0, ) as n — oo.

Now, we consider the convergence of the bias term, \/nhn(E(fmhn (a(7),B(7))) = T'), where T’
denotes I'(a(7), B(7)).

—~ ~~
3
=
|
—
~—
S
—
2
2
=
3
=
=g
©]
B
&
»n
w0
=i
=
i)
=
o
=
—_
bt
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Appendix I: Using A\nhn in place of the true A

All we need to show is that we can obtain lemma 6 by using an,hn instead of the true A. (That
is, using @Z =W;— thnXi instead of Q; = W; — AX;.) The purpose of this appendix is to provide
the assumptions for the counterpart of lemma 6 by using gn,hn in place of the true A. We will state
the assumptions we need in a manner parallel to section 5. As in section 5, h denotes a positive

number and h,, denotes a sequential bandwidth choice.

Recall that A = E(WX'f.(0| D, Z, X))E(XX'f.(0| D, Z, X)) and
-~ n D;a(r X{A ,a(1))-Y; n Dia(T X{A 7,0(7))=Y i\ —
Aoy = (e Sy WX (R el (o yn | X X (Pt el -1,

nhn

~

Lemma I-1 vec(A, p,) — vec(A)

ki — E(vec(W; X)) fe)
Ei — E(vec(X; X]) fe)

LS vee(WiX))

nhy 4

L o vee(X; X))

nhn 1

N

9

= G Y, XiXE) T e D) (G Y, XiXiR) L ® A)

where fe = fE(O ’ D;, Zi,Xi) and /];z = k(Dia(T)+Xz{lf7ET7a(T))_?i)-

Proof. At the end of this appendix.
From this lemma, we know that the asymptotic distribution of \/nhn(vec(zzl\n,hn) —vec(A)) can
S vee(WiX])ki — E(vec(Wi X)) f.)

be deduced from v/nh, R
ﬁ Yo vee( X Xk — E(vee(X; X)) fe)

me(e(7), B)

First, consider | _ , Where
F;kz,h<a(7_)7 5)

=~ n Dia(T)+X!5-Y;
Tn(a(r), ) LS QiDik( e

(@) B) = | B,u(a(r),8) | = | 2 X0, vec(W X k(2 XE Y (L1)
-~ n D;a(T)+X!B8-Y;
Runla(r), ) TS vee( X X)) k(DA DEXET

I 0 Me ,
Let Y7 , = v which is conformable with Am (a(r),8)
’ 0 /nhl Ly (a(r), 8)

e(a(), B)

T3 y(a(r), B) = B(T ,(a(r), B(r, (7))
me(a(r), B)

E(T; ,(a(7), B)) = E(T; (a(r), B(7, (7))

Definition I-1 Define G}, (a(7),8) =

and Giy(a(r), ) = E(G} ,(a(r), 8)) =

The following assumptions correspond to assumption 9, 10, 11, 12, and 13 in section 5.
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Assumption I-1 G} (a(7), ) — G*(a(7),B) = me(a(7), B) ] uniformly,
I*(a(7), B) = I (a(7), B(7, (7))
I(a(r),B)
at least locally around B(7,a(7)) as h | 0. Note that I'*(a(7),3) = | ©(a(r),B) |, where
Ala(T),5)

I'(a(7), B) is the same as assumption 9 and O («a(7), B(1, a(7))) = E(vec(W; X}) fe), Ala(), B(T, (7)) =
E(vec(X; X)) fe).

Assumption I-2 G*(«a(7), ) can be linearized with respect to 8 around S(7, a(7)).
That is, G*(a(7), 5) = H*(8 = B(7, a(7))) + o(|| B = B(7, a(7)) ||) for some H*.

Hy

We will write H* = where Hy and Hj are from the top and bottom parts of G*. Note that
H;

H; is the same as assumption 10.

Assumption I-3 Suppose

myEyinE ], [ v v
Var(Yy G (o), B(1,a(T))) + vn ) = ™ |, where V* is the same
0 Vz*ffh V2*2*,h
as assumption 11.

Then, for any sequence h,, > 0 with h,, — 0,nh,, — oo, we have
2

o " Hl% Z?:l Zi
oo {50, G, ((7), BT a()) + | V"
Vot h, Vaon, 0

V* V**
12:ftn )}gN(O,I) as n — oo.

Assumption I-4 For any ¢, | 0 and for any sequence h,, > 0 with h,, — 0,nh, — oo, we have
SUP|5—p(ra(r)<on || Lo, (G, (@(7), 8) = G} (a(7), B))
=X 4, (G, ((7), B(T, (7)) — G}, (a(7), B(7, (7)) [|= 0p(1) as n — oo.

Assumption I-5 For any seqeunce h,, > 0 with h, — 0,nh, — oo and v/nh,h, — c1 (or
Vinhah2 = ey if [vk(v)dv = 0), By, (a(r),) = vVaha (BT, (a(r),8)) — T*(a(r),8)) —
B*(«a(7), 8) uniformly in 8, at least locally around (7, (7)) as n — oc.
We also assume that B*(«(7),) and I'*(a(7),3) are continuous at S = S(7,a(7)). Note that
Bla(r), B)
B*(a(1),B8) = | Be(a(r),B) |, where B(a(r), () is the same as assumption 13.
Ba(a(7), )

These correspond to the assumptions used in section 5. We are only considering the longer
bottom part with the same top part of Gy, ,, Gp, G.

Now, we obtain the following lemmas.
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Lemma I-2 Under these assumptions, for any sequence h,, > 0 with h,, — 0,nh,, — 0o, we have
- g .o Hi/n(B(r,a(r)) = B(r, a(r)))
T, (G, ((7), B(T, (7)) = 17, G ((7), B(7, 7))+

0
+op(1).

Proof. Follow the proof of lemma 5.

Lemma I-3 As h | 0, we have V5, = V7' — 0 and V35, — Va3
In particular, for any sequence h,, > 0 with h, — 0,nh, — oco,and /nhyh, — c1(or /nh,h? — co
and [vk(v)dv = 0),we have
Vaie(a(r), B(r,a(r))) Voo ])
nha (T, (@(r), B(r, a(7))) = T* (a(r), B(7, (7)) 0V

as n — OQ.

Proof. Follow the proof of lemma 6.

| \/ﬁﬂc(a(ﬂﬁ(ﬂa(ﬂ)) ]
From lommma L5, we have | V77 (Ena (7). B7, (7)) = Dlatr), B(r, ()
M(@n,hmm, B(r,a(r)) — B(vec(WiX})f.))
Vit (B, (alr), Bz, a(r))) - E(vee(XiX))f.))
[ 0 1 Tve 000 |
4 x| Ble@strat) || o S
Be(a(7), B(r, (7)) 0oV
Bala(r),B(r,a(r) | | 0 |
Therefore, by lemma I-1, we have
fmcu),B( a(r)))
NN (7)) — T(a(r), (7, a(1)))) (12)
mwecmn ) — vee(A))
0 Vv 0 0
N ( B(a(), B(r,a(r))) o ove v
k1Bo(a(r), B(r,a(r))) + raBa(alr), B(r, a(r))) 0 Vi Vi
as n — 00, where h Vi is defined from V55", k1 and k2 and
[ k1 ke | =plimne | (S0 XX 0 D) P —(( S0, X X)L 0 4) |-

Hence, we obtain the following lemma, which is the counterpart of lemma 6, by using A\n,hn

instead of the true A.
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Lemma I-4 Consider a sequence h, as lemma J-3.

~

Let T, (a(7), B(7,a(r)) = e Y0, Qi Dik(ReCHEXBTo Y0y with §; = Wi — Ay, Xi -
Viame(a(r), B(r,a(r)) a o |veoo

= ~ - N( )

nhn (L p,, (a(7), B(7, (7)) — (a(7), B(7, a(7)))) B 0 Vg

as n — oo for some B and V.

Then, we have

~

Proof. Note that fn,hn (a(T1), B(T,a(T)))
_ fn,hn<a<7_)7 B(T’ oz(T)))-l-(A—gn,hn)ﬁn S XiDi/-c(Dia(THX’{i(ﬂa(T))_Y" ). Then, it results from
(L.2).

From lemma I-4, we can immediately obtain the counterpart of theorem 3 with gn’hn in place

of the true A.
Lastly, we provide the proof of lemma I-1.

Proof of Lemma I-1

We will write &; and f. for k(Dia(THX’fT(LT’a(T))_?i) and f.(0 | D, Z, X) for the sake of simplicity.

First, note that gn,hn _A
= (o Lok Wi iy iy XiX ki
= (i Lica WJQ’E)(% D
—EWX'f){E(XX'f)t —(
= (i Sima WiXhi = EW X'} (s 3o XX ki)™
(
(

~BE(WX'f{E(XX'f)™" -
= {5 iy WiX ki — B(W X' f) = iy XX (ki) ™!

~EWX'f)B(XX' fo) M X0ty XiX ki — B(XX fo)} (i Sy XiX(ki) ™!
= {ﬁ Z?:l WzXz/EZ - E(WX/fe)}(ﬁ Z?:l XiXZ{Ez')_l

— A XXk — E(XX fo) Mk Yoy XiX (k) ™! since B(WX'f)E(XX'f) ™ = A.

nhy

n

Then, take the vec-operator.
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Appendix J: Estimation of V*

For the sake of notational simplicity, we will write 5(7) and B(T) for B(7,a(T)) and B(T, a(r)),

respectively.

Recall that V* = Var(ﬁ S Wi(H{Y; < Dia(r) + X[B(1)} — 7) + Hlﬁ o1 Ei), where

ome(a(r),
Hy = 9GO0 | gy = E(WiX[f(0 | Dy, Zi, X;)).

Recall that /n(3(r) — (1)) = ﬁ Yo Ei + op(1), where B(r) is a GMM estimator from
my(a(r),8) = E(X(1{Y;—D;a(r) < X!3}—7)) = 0 when 3 = 3(7). Therefore, Z; is actually given
by —F71X;(1{Y; — Dia(r) < X[B(7)} = 7), where F = G |3_51)= E(XiX/fe(0 | Di, Zi, Xi))
(see e.g., Pakes and Pollard (1989), Newey and McFadden (1994)).

Therefore, letting I7 = 1{Y; < D;a(7) + X/3(7)} — 7, we have

1 &
Vi

= Var(WiI] — HiF'X;1I])

Here, H; is consistently estimated by H, = ﬁ S WiXik(DiO‘(THhXjB(T)_Yi).
F can also be estimated by F = ﬁ S XZ-X;k(Dia(THi{Zﬁ(T)_Yi ).

Lastly, the unknown 3(7) can be replaced by its consistent estimator B(T)

The given variance can then be estimated by the straightforward sample variance.
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Appendix K: Derivation of (6.2)

BU:) 1
Vi
i = B(Ui) = B(7,0(7)) | Vi, Zi ~ N(pV = B(7, (7 )) L=p )

We then have (0 | Z;,V;) = (2m)72(1 = p?) 72 exp(— 5y (0Vi — B(7))2).

First, note that Z; L

I

P ), from which we have
p 1

Hence, we have the following.

E(Z;Dif(0 | Zi,Vh))
= E(Zi(’}/l + Zz{’)/g + Vl)fc(o ’ Zia V;))

= (n) =) B + Zivy + V) expl =5 (0Vi = (7))

= 2m) 21— pP) 3 (E(Z)vy + E(ZiZL)vs) E(exp(~ (pVi — B(r, a(1)))?)

1
2(1-p?)
+2m) "2 (1 - p)EE(Z)E(V; exp(—z(ll_pz)(pvé — B(7,a(7)))))

Here, B(exp(— s (0Vi—A(r. a(r))2) = —= [ exp(gerlsrs (pv—B(r, a(r)))?) exp(— £ )dv =
VT = p? exp(— LC;“” )

Also, E(V; exp(— 5= 2)( pVi—B(1,a(1)))?)) = \/% fvexp(—ﬁ(pv—ﬁ(T,a(T)))Q) exp(—% )dv =
B(r,alr))py/T= 2 exp(~ 22500,

Therefore,

E(ZiDif(0 | Zi,Vi)) (K.1)

1 T, a(7))?
= (2m)72 exp(—ﬁ( ’2( )

WE(Zi)n + E(ZiZj)vs + E(Zi)B(, (7)) p)

B(Zif0 | 2 V) (K.2)
= <2w>*%<1— )R B(Ziexp(— g (Vi = BT a(0))
T,0\T 2
= o Fep(- 200 gy
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E(DfO | ZiV))

= @m0 -p) 2B+ Zn + mexp(—z(lf[ﬂ)(pm — B(r,a(m))?)

B(r,a(r))?
2

= (2m) "2 exp(— )11 + E(Zi)' s + B(r,(7))p)

Noting that X =1,Qz = Z, we know from K.1, K.2, K.3, K.4 that

I' = E(ZDf(0|V,2)) = BE(Zf0| V,Z2))E(f(0 |V, 2)) ' E(Df(0 |V, Z))
B, a(r))?
2
BT, (1))’
2

= (2m) % exp(— )(B(ZiZ)) — E(Z)E(Z) )y

= (2m) 2 exp(—

War(Zi)vy
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