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Abstract 

This paper presents a theory of harvesting for biological assets with size-dependent stochastic 

growth that allows for partial harvests and accounts for the risk of extinction. The harvesting 

decision is formulated as a disinvestment problem in continuous time using real options and 

general harvesting rules are derived. The probability of extinction is then analyzed for a wide 

class of growth functions. A dimensionless analysis of a logistic Brownian motion shows that the 

optimal biomass at harvest and the amount harvested do not vary monotonically with uncertainty. 

More generally, this paper illustrates the importance of boundary conditions in stochastic 

investment problems. 
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I. Introduction 

Biomass uncertainty is pervasive for renewable resources, and it can play a central role in their 

management. Biomass uncertainty can result, for example, from random fluctuations in nutrient 

availability, stochastic changes in natural conditions that affect reproduction or migration, or 

from random predator encroachments. Yet simple rules that account for biological uncertainty 

and the risk of extinction are still not available to resource managers. This paper addresses this 

question in a continuous time framework for resources with density-dependent growth.1 

  While the analysis of density–dependent growth models has received some attention 

(e.g., see Willassen 1998, or Reed and Clarke 1990, and the references therein), the focus in the 

literature has mostly been on the single harvest case. An exception is Reed and Clarke (1990). 

They analyze multiple total harvests with regeneration (the forestry case) when the biomass 

evolves stochastically, the net resource price follows a geometric Brownian motion (GBM), and 

there are no fixed harvesting costs.2 More recently, Willassen (1998) applies stochastic impulse 

control to rigorously generalize the Faustmann formula to forests experiencing stochastic 

growth. Sødal (2002) extends Willassen’s results using a simpler methodology (the markup 

approach; see Dixit, Pindyck, and Sødal 1999). He obtains a closed-form rotation formula and 

shows how to account for endogenous rotation costs. In the context of fisheries, Li (1998) shows 

the importance of uncertainty and harvest irreversibility using real options. He allows for partial 

harvests but he does not consider the impact of a harvest on future harvests. Moreover, his 

analysis is specialized to the case where the fish biomass follows a GBM, thus not accounting 

for environmental carrying capacity. In summary, partial harvesting rules for biological assets 

are not yet available in the literature, and the possibility of resource extinction, intuitively an 
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important factor in the decision to harvest, does not seem to have received much attention. 

In this context, we derive general harvesting rules incorporating the possibility of 

resource extinction for repeated, partial and total harvests of biological assets with size-

dependent stochastic growth. We suppose that harvesting is instantaneous, which is reasonable in 

the presence of fixed costs or when the growth rate of a resource decreases with its size. To 

account for harvest irreversibility and to model uncertainty concisely, we cast the decision to 

harvest as a disinvestment problem in continuous time and show that the decision to harvest is 

akin to exercising a real option. This approach is intuitive, as capital theoretic concepts permeate 

the resource literature. It also provides access to the powerful mathematical tools of continuous-

time finance, which allows us to derive harvesting rules that generalize the Faustmann formula.  

We then apply our methodology to a wide class of stochastic growth functions to 

understand the impact of their specification on the probability of extinction. A numerical 

illustration for the logistic Brownian motion shows that expected net rents, the optimal biomass 

at harvest, and the amount harvested are not monotonic functions of uncertainty; furthermore, we 

show analytically that a total harvest is optimum when uncertainty is high enough. These results 

highlight the importance of taking into account the probability of resource extinction. 

This paper is organized as follows. Section 2 presents a general framework for analyzing 

multi-period harvesting problems under uncertainty. Section 3 analyzes the probability of 

extinction for a wide class of stochastic growth functions. Section 4 illustrates numerically the 

impact of uncertainty on the decision to harvest using a dimensionless analysis for more 

generality. Section 5 summarizes our conclusions. Two appendices contain additional analytical 

results and various proofs. 



 

 

3 

 

II.  Models of harvest under biomass uncertainty 

Consider a valuable renewable resource whose biomass X varies randomly due to natural factors 

(e.g., predators or availability of food) according to the autonomous diffusion process: 

( ) ( ) .dX G X dt v X dz= +                 (1) 

In (1), G(.) and v(.) are continuous, dt is an infinitesimal time increment, and dz is an increment 

of a standard Wiener process. We suppose that 0 is an absorbing boundary, i.e., if X ever 

becomes zero, the resource becomes extinct. Moreover, let K>0 designate the maximum carrying 

capacity of the resource.3 G(.) is assumed strictly positive on (0, K), strictly negative on (K,+∞), 

and G(K)=0. In addition, v(.) is strictly positive on (0,+∞). 

We suppose that this resource can be harvested instantaneously, which is reasonable if 

harvest duration is relatively short compared to the growing season. Instantaneous (as opposed to 

continuous) harvests are intuitively optimal in the presence of fixed costs, but also when the 

growth rate of a resource decreases with biomass size. In the latter case, harvesting stimulates 

biomass growth and increases expected profits. 

We focus here on the optimal social management of this resource. We suppose that the 

resource manager’s objective is to maximize the present value of the stream of expected utility 

from successive harvests, or the present value of the expected utility of harvesting once the entire 

resource, whichever is largest. For successive harvests, we consider two types of problems: 

either only part of the resource is harvested each time, as for fisheries, or all of the biomass is 

harvested but a small, fixed amount to permit regeneration, as in forestry. Let us start with the 

former. A one-time-only, total harvest is just a special case, as shown below. 
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II.1 Partial harvests. 

For partial harvests, the resource manager’s objective is: 

( )
1

0 0
{ , , 0 } 1

( ) ( , ) ( ) | , (0) ,i

i i i i i

T
i i i i i

h x h x i
V x Max E U h x e e U L x x h X xρ ρτπ

− − +∞
=

+∞
−− − + −

≤ ≤ =

 
= + = − =  

 
∑   (2) 

subject to Equation (1) for the evolution of X. In the above: 

• V(x0) is the unknown value function when the resource biomass is x0; V(x0) also represents 

the net present value of the expected utility of harvesting rents.4 

• E(.) is the expectation operator with respect to X for the information available at time 0. 

• U(.) is the resource manager’s utility function, assumed strictly concave, increasing, and C2 

(i.e., twice continuously differentiable and with a continuous second derivative). 

• π(h,x) is the net rent from harvesting a stock of biomass of h when the resource stock is x≥h. 

π is C2, and increasing in x and h. 

• hi, for i≥1, is the amount of biomass harvested during harvest i. 

• ix−  and ix+  are respectively the stocks of biomass just before and just after harvest i. 

• T1 is the random stopping time at which X reaches 1x
−  for the first time after starting from 

X(0)=x0; for i>1, Ti-Ti-1 is the random elapsed time between consecutive harvests i-1 and i. 

• τ≤+∞ is the random stopping time at which the resource becomes extinct, if ever. If τ<+∞, 

then Ti=+∞ for all Ti≥τ. 

• L is the payoff resulting from extinction. L can be positive (e.g., the value of bare land after 

clear-cutting in forestry) or negative (e.g., the loss of existence value for a species). 

• Finally, ρ is the resource manager’s risk-free discount rate. 
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A simplified expression of the objective function 

To motivate our approach, it is fruitful to emphasize the parallel between harvesting and 

investment decisions in a real options framework. First, each of these decisions is (at least partly) 

irreversible: the harvested stock cannot usually be returned to its habitat, nor can much of a bad 

investment usually be recovered. Second, each of these decisions is made under uncertainty. 

Finally, both the decision to invest and the decision to harvest can be delayed if the conditions 

are not right. These characteristics call for the application of concepts from the theory of real 

options. 

If we see the resource as an asset from which we can disinvest by harvesting, the 

manager of a renewable natural resource is holding a perpetual compound option. This option 

gives the right but not the obligation to harvest, and it never expires if the resource manager 

faces an unconstrained time horizon, which we assume here. By construction, the value of the 

option equals V(X), the discounted expected utility from harvesting rents.  

It is essential at this point to recognize that, just as in the Faustmann problem in forestry, 

the resource manager faces the same problem after each harvest. We can thus invoke Bellman’s 

optimality principle to infer that the optimal harvest policy is simply to harvest a constant 

amount h* as soon as the biomass reaches size x*.5 x* and h* are chosen to maximize the 

discounted expected utility from harvesting, not only from the next harvest, but also from all 

future harvests. At harvest the resource manager receives the utility * *( ( , ))U h xπ  plus 

* *( )V x h− , the value of the option to harvest at the new value of the biomass. Harvesting takes 

place at randomly spaced intervals (Ti, i=1…+∞), but since X is Markovian, the Tis are 

independent and identically distributed. In addition, it is necessary to account for the possibility 
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of extinction of the resource. Whereas in a deterministic problem we know with certainty 

whether a growing biomass will reach a given level, in a stochastic problem with an absorbing 

boundary it may happen in some cases and never in others. The value of the option to harvest 

thus has two components, adjusted for the possibility of extinction: the first one is the discounted 

utility from harvesting h* when the biomass is x* plus the value of the option to harvest in the 

future; the second component is the discounted utility from extinction. This can be written as 

{ }0 0 0
* * * *

0 0, *| 0; *| *;0|( ) ( ( , )) ( ) ( ) ,x x x x x xV x D p U h x V x h p U Lπ = + − +       (3) 

where: 

• x0 is the current stock of biomass;  

• ( )0, *| 0
00, *|

x xT
x xD E e ρ−=  is the expected discount factor, where 

00, *|x xT  is the random duration 

between the moment where X equals x0 and the first time where X hits either 0 or x*; and 

• 
00; *|x xp  is the probability that X hits x* before 0 starting from x0; conversely 

0*;0|x xp  is the 

probability that X hits 0 before x* starting from x0. 

Likewise, the value function immediately after harvest is 

{ }* * * * * *
* * * * * *

0, *| 0; *| *;0|( ) ( ( , )) ( ) ( ) .x x h x x h x x hV x h D p U h x V x h p U Lπ− − −
 − = + − +   (4) 

Isolating * *( )V x h−  in (4) and plugging it into (3) allows us to reformulate the resource 

manager’s problem as follows: 

0 00; | 0, |
0 0

{ , , 0 } 0; | 0, |
( ) ( , | ) ( , | ) ,

1
x x x x

h x h x x x h x x h

p D
V x Max UH h x x UH h x x h

p D≤ ≤ − −

 
= + − 

−  
   (5) 

where 
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{ }0, | 0; | ;0|( , | ) ( ( , )) ( )x x xUH h x D p U h x p U Lζ ζ ζζ π≡ +         (6) 

is the discounted utility from the next harvest, taking into account the risk of extinction, when 

the starting biomass is x0. The first term on the right side of (5) is thus the discounted utility from 

the first harvest, and the rest of the right side of (5) represents the discounted utility from all 

other harvests, accounting for the risk of extinction, and conditional on the first harvest taking 

place.  

Note that Equation (5) includes the case where the resource is harvested once to 

extinction (h=x). Indeed, 0; |0 0xp = , 0, |0 0xT = , and 0, |0 1xD = , so ( , | 0) ( )UH h x U L= , and (5) 

becomes 

{ }0 00 0, | 0; |
{ , 0 }

( ) ( ( , )) ( ) .x x x x
x x

V x Max D p U x x U Lπ
≤

= +             (7) 

If there is no risk of extinction, 0 cannot be reached before 0x >  so for 0 (0, )x x∈ , 

00; | 1x xp = . The discount factor 
00, |x xD  then becomes ( )| 0

0|
x xT

x xD E e ρ−=  where 
0|x xT  is the 

random elapsed time between X=x0 and the first time X hits x. Hence, 

|( , | ) ( ( , ))xUH h x D U h xζζ π=  and (5) simplifies to 

0|
0

{ , , 0 } |
( ) ( ( , )) .

1
x x

h x h x x x h

D
V x Max U h x

D
π

≤ ≤ −

  =  −  
           (8) 

Likewise, for a single, total harvest without risk of extinction, Equation (7) becomes 

{ }
00 |

{ , 0 }
( ) ( ( , )) ( ) .x x

x x
V x Max D U x x U Lπ

≤
= +               (9) 

The potential importance of accounting for the risk of extinction will become apparent in the 

numerical application below. 
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First order necessary conditions 

Let us now look for necessary conditions for an interior solution. As both conditions can be 

written similarly, let ζ designate either h or x. When we take the first derivative with respect to ζ 

of Equation (5), equate it to zero, and rearrange terms, we find 

0

0; | 0, |

( , | )

,( , | )
1

CD UH

x x h x x h

UH h x x

UH h x x h
p D

ζ ζ

ζ
ζ ε ε=

− −

∂
∂ +

−
−

              (10) 

which generalizes the Faustmann rotation formula to partial harvests with stochastic resource 

growth and the risk of extinction. 

In (10), 

0 00; | 0, |

0; | 0, |1
( )

x x x x

x x h x x hCD

p D
Ln

p D
Lnζε

ζ
− −

 
∂   − ≡ −

∂
 and ( ( , | ))

( )
UH Ln UH h x x h

Lnζε
ζ

∂ −
≡ −

∂
 are respectively 

the elasticity of the sum of discount factors incorporating the risk of extinction during the initial 

and all subsequent harvests, and the elasticity of the discounted utility from a harvest with 

starting biomass x-h. The left side of Equation (10) is the average utility contribution of the next 

harvest (numerator) divided by the present value of the utility from all future harvests 

(denominator); it scales the impact on utility of a marginal change in the next harvest with the 

discounted utility of all future harvests. Equation (10) thus balances three effects of a change in 

harvest size or biomass at harvest: 1) on the next harvest; 2) on delaying all future harvests; and 

3) on the utility from all future harvests. We also note the first order condition with respect to x 

is slightly more complex because a change in the biomass at harvest also has implications for the 

length of the wait until the first harvest and for the initial probability of extinction. 
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It is essential to note that (10) holds for x=x*, h=h*, and x0=x*. Indeed, since X is a 

diffusion it is Markovian (all relevant information about X is contained in its current state), so 

the first order conditions for x0≠x* merely indicate whether or not the maximum of (5) has been 

attained. They are, however, zero at the optimum, which explains the condition x0=x*. 

Instead of repeated harvests, however, it may be optimal to harvest the whole biomass as 

soon as X reaches x*. In this case, the first derivative with respect to h of the resource manager’s 

objective function is necessarily non-negative at h*=x*, so in (10) with ζ=h, “≥” will replace “=”. 

The relevant necessary first order condition for x* may then be obtained from (7). 

For practical purposes, we still need to show how to derive 
00; |x xp  and 

00, |x xD . This is 

done in Appendix I, where results for three common stochastic processes are also provided. 

 

II.2 Total harvest with regeneration. 

In a number of harvesting problems (e.g., in forestry), the entire stock of biomass is harvested 

each time, except possibly for a small amount S>0 to allow for regeneration. With the notations 

defined above, the resource manager’s objective is 

( )
1

0 0
{ , } 1

( ) ( , ) ( ) | , (0) ,i

i i i

T
i i i

x S x i
V x Max E U x S x e e U L x S X xρ ρτπ

− − +∞
=

+∞
−− − − +

≤ =

 
= − + = =  

 
∑   (11) 

subject to Equation (1) for the evolution of X. S is the starting amount of biomass after harvest, 

assumed fixed and known, so (11) is just a special case of (2) where h=x-S. As a consequence, 

results obtained in the previous subsection are valid provided h, which is no longer a separate 

decision variable, is replaced with x-S. This includes first order necessary condition (10). 

In the same context, it is often possible to restart the growth process (“replant”) at a cost 
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CR if the starting biomass S fails to grow. In this case, (3) and (4) become respectively 

{ }0 0 0
* *

0 0, *| 0; *| *;0|

* *
0, *| 0; *| *;0|

( ) ( ( , )) ( ) ( ) ,

( ) { ( ( , )) ( ) ( )}.

x x x x x x R

x S x S x S R

V x D p U x S x p U C V S

V S D p U x S x p U C V S

π

π

 = − + +

 = − + +

     (12) 

Inserting V(S) into V(x0) in (12) permits reformulating the resource manager’s problem as 

00, |
0 0

{ , 0 } 0, |
( ) ( | ) ( | ) ,

1
x x

R R
x x x S

D
V x Max UH x x UH x S

D≤

 
= + 

−  
         (13) 

where { }0, | 0; | ;0|( | ) ( ( , )) ( )R x x x RUH x D p U x S x p U Cζ ζ ζζ π= − +  is the discounted utility from the 

next harvest, taking into account the risk of having to restart failed crops, when the starting 

biomass is ζ. The interpretation of (13) is similar to that of (5). 

The first order necessary condition for (13) can be written 

1

0

0, |

( | )

,( | )
1

R

R
CD UH
x x

R

x S

UH x xx
x

UH x S
D

ε ε=

∂
∂ +

−

               (14) 

where 01

1
0, | 0, |( [1 ] )

( )
x x x SCD

x
Ln D D

Ln x
ε

−∂ −
≡ −

∂
 and ( ( | ))

( )
RUH R

x
Ln UH x S

Ln x
ε ∂

≡ −
∂

 are respectively the 

biomass elasticity of the discount factor 
0

1
0, | 0, |[1 ]x x x SD D −−  and the biomass elasticity of the 

discounted utility from a harvest when the starting biomass is S. As for (10), (14) should be 

evaluated at x=x0=x*. Equation (14) generalizes the Faustmann rotation formula to the case 

where a resource grows stochastically and there is a risk of extinction. 

To link our results with previous work, let us also assume that:  

• There is no risk of extinction so the discount factor is ( )| 0
0|

x xT
x xD E e ρ−= (see above);  
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• The resource manager’s risk preferences are reflected in the discount rate;  

• The value of a unit of biomass is $1; and  

• Net harvesting profits including replanting costs are π(x-S,x)=x-C.  

Then, using that 
0 0| | |x S x x x SD D D=  (see Dixit, Pindyck, and Sødal 1999), (14) becomes 

*

*

*

*

1 ( )
,x

D
x

D Sx C
x ε

−−
=                  (15) 

where * *
( ) |

( )
D x
x x x

x

dD Sx
D S dx

ε == −  is the elasticity of the discount factor with respect to the value 

of the biomass (since here the unit value of biomass is $1). Equation (15) is the generalized 

Faustmann formula derived by Sødal (2002), who extends Willassen’s results (1999) using an 

approach similar to the one adopted in this paper, but without considering the risk of extinction.6 

 

III.  Results for a class of growth functions. 

To explore the implications for resource extinction of the growth function specification, let us 

apply the methodology detailed above to the partial harvest problem when G(.) and v(.) satisfy 

( ) ( ) and ( ) x ,G x xg x v x βσ= =               (16) 

with 0σ > ; 0β ≥ ; (0, ), ( ) 0x K g x∀ ∈ > , g(K)=0; ,  ( ) 0x K g x∀ > <  and '( ) 0g x ≤ ; and 

• Assumption III.1: g(.) is continuous and 
0

lim ( ) 0
x

g x
+→

> . 

• Assumption III.2: if 
0

lim ( )
x

g x
+→

= +∞ , then 
0

0, lim ( ) 0
x

x g xηη
+→

∀ > = .7 

This specification encompasses a wide class of processes in population biology (e.g., see 

Clark 1990). It includes stochastic versions of such popular models as the logistic and Gompertz 
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laws and it is more general than the class of processes analyzed by Reed and Clarke (1990). The 

importance of β will become more apparent with the derivation of the risk of extinction. Results 

are summarized in two propositions whose proofs can be found in Appendix II. 

 

Proposition 1. Let x and x0 be two real numbers such that 0<x0<x. 

• If [0,1)β ∈  or if 1β =  and 2 (0)gσ > , then there is a risk of extinction and 

0
0

0; |
( ) (0) (0,1).
( ) (0)x x

S x Sp
S x S

−
= ∈

−
               (17) 

In (17), the expression of the scale function S(.) is 

1 2

2 2 1
2 ( )( ) exp .

x

x x

gS x d d
η

β
ξ ξ η

σ ξ −

 − =
  

∫ ∫              (18) 

This means, by definition (see Karlin and Taylor 1981), that 0 is an attracting boundary for X. 

• Otherwise, there is no risk of extinction and 
00; | 1x xp = . � 

 

A consequence of Proposition 1 is that, if [0,1)β ∈  or if 1β =  and 2 (0)gσ > , the 

resource manager’s problem can be described by (5); otherwise, it simplifies to (8). 

To better understand the impact of β on X, let us analyze the expected time it takes X to 

reach either 0 or x*. Indeed, a positive probability of reaching 0 does not imply that extinction 

will happen in finite time. If extinction happens only over an infinite time period, 0 is said to be 

unattainable; 0 is attainable if extinction happens in finite time (Karlin and Taylor, 1981). 
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Proposition 2. Let a, b, and x0 be three real numbers such that 0≤a<x0<b. Let 
0, |a b xv  be the 

expected value of the minimum time it takes X to reach either a or b starting from x0. Similarly, 

let 
0|b xv  be the expected value of the minimum time it takes X to reach b starting from x0. Then: 

• If [0,0.5)β ∈ , 0 is attainable and 

[ ] [ ]
0

0

0

0| 0
0

2 ( ) (0) ( ) ( ) (0) ( ) .
x

x
x

v S x S m d S S m dη η η η η
+∞ 

 = − + − < +∞
 
 

∫ ∫       (19) 

• If [0.5,1)β ∈  or if 1β =  and 2 (0)gσ > , 0 is unattainable and 

00, | .b xv = +∞                    (20) 

• If 1β =  and 2 (0)gσ <  or if 1β > , we already know from Proposition 1 that there is no 

risk of extinction, so 
00|xv = +∞  and 

0

0

0

| 0
0

2 [ ( ) ( )] ( ) [ ( ) ( )] ( ) .
xb

b x
x

v S b S m d S b S x m dη η η η η
 
 = − + −
 
 
∫ ∫       (21) 

Here, S(.) is given by (18) and m(.) is the speed density of the process, 

2

2 2 2 2 1
1 2 ( )( ) exp ,

x

gm d
η

β β
ξη ξ

σ η σ ξ −

  =  
  
∫             (22) 

where x2 is the same arbitrary constant that appears in the definition of S(.) to guarantee that 

0|b xv  and 
0, |a b xv  are independent from x1 and x2 (see (I.5)). � 

 

  The intuition behind these results is simple: the larger is β, the smaller are the stochastic 

increments when X is close to 0. For [0,0.5)β ∈ , the stochastic increments in (1) can overcome 
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the deterministic component of X that tends to bring X back towards K, so extinction is possible. 

For 1β =  and 2 (0)gσ <  or for 1β > , the opposite is true. When [0.5,1)β ∈  or when 1β =  

and 2 (0)gσ > , however, the deterministic trend and the stochastic components in (1) pull X in 

opposite directions and neither dominates. Suppose for example that 1β =  and 2 (0)gσ > . 

For Y=Ln(X), Ito’s lemma gives ( ) 20.5 .YdY g e dt dzσ σ = − +   As X approaches 0, Y 

approaches -∞ and behaves like a Brownian motion with trend 2(0) 0.5 0g σ− < . It is intuitive 

here that -∞ is an attractive boundary for Y. As diffusions have finite variations with probability 

1 in finite time, Y cannot reach -∞ (and X cannot reach 0) in finite time. Allowing for extinction 

in infinite time only may not seem very realistic from a biological point of view, but it is a useful 

simplification when the minimum biomass is small and there is a risk of extinction. This is the 

case considered below. 

 

IV.  Illustration. 

Given the popularity of logistic distributions in bioeconomics, let us assume that X follows the 

logistic Brownian motion process: 

( ) .dX rX K X dt Xdzσ= − +                (23) 

To keep our derivations as simple as possible, we also suppose that: 

• There are no losses from resource extinction, so L=0.  

• We choose the measurement unit of the biomass so that K=1. 

• The social discount rate, ρ, is adjusted to reflect risk preferences here, so we drop U(.). 

• As in the Schaefer model, the harvested biomass h is proportional to the stock of biomass at 
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harvest x and to the harvest effort /( )E h qx= , where q is a positive constant. 

• All harvested biomass can be sold at a fixed unit price p, and the currency is such that p=1. 

• Finally, there are no fixed costs, and variable harvest costs are proportional to harvest effort, 

E; cv denotes the per unit effort cost. 

As a result, the net rent from harvesting h when the biomass equals x is vcp h
qx

π
 

= − 
 

. 

For more generality and to better understand parameter interactions, we conduct a 

dimensionless analysis. To this aim, we define the dimensionless parameters κ, ω, and η:  

2
2 ,  = ,  .vcrK

rK qpK
ρκ ω η

σ
≡ =                (24) 

κ measures biomass growth at carrying capacity (K) relative to the variance parameter of X (σ2); 

ω is the ratio of the social discount rate by the biomass growth at carrying capacity; and η is the 

dimensionless variable harvesting cost. To define dimensionless biomass and harvest variables, 

we simply assume that they have been divided by K (which equals one by assumption). The net 

rent from harvesting h at biomass x, thus becomes: 

( , ) 1 .h x h
x
ηπ  = − 

 
                 (25) 

Let us now analyze the risk of extinction. With the notation defined in the previous 

section, β=1 and g(0)=rK so we know from Proposition 1 that if κ>1 (i.e., if 2rKσ < ), the 

resource manager does not need to worry about extinction. Using Proposition 2, if we change 

variables in (21), incorporate parameters defined in (24), and integrate by parts, we can show 

that the product of ρ by the expected time from the initial state x0 until X=x is 
0 0| |x x x xv wρ κω= , 
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where 

0

0 0

2
|

0

1 ( 1, , ) .
1

x x

x x
x x

ew e d e d d
ξκ κ ξ

κ ζ κ ξ

κ κ

ζ ζ ξ ξ ϕ κ κ ξ ξ
κ ξ

− − −
 
 = = − −
  − 

∫ ∫ ∫     (26) 

In (26), 
0|x xw  is dimensionless and ϕ(.) is the confluent hypergeometric function of the first 

kind.8 

If κ<1, however, there is a risk of extinction but not in finite time, so 
00, |x xv = +∞ . 

Taking the limit of (I.9) when a→0 leads to 

( )
( )

0

0

1 1
00

0; |
0 0

1 ,2 ,
.

1 , 2 ,

x x

x x
xxp e d e d

x x

κ κκ
κ ξ κ ξ ϕ κ κ κ

ξ ξ ξ ξ
ϕ κ κ κ

− −
− −

  − − =   =    − −  
∫ ∫     (27) 

To derive the dimensionless discount factor, we take the limit of (I.8) with (I.12) when 

a→0 and find (like Willassen (1998) and Sødal (2002) for 
0|x xD ) 

( )
( )0 0

00
0, | |

, 2 ,
,

, 2 ,x x x x
xxD D

x x

θ ϕ θ θ κ κ
ϕ θ θ κ κ

+ = =   + 
           (28) 

where 

21 1 .
2 2 2 2

κ κθ κω = − + − + 
 

               (29) 

Combining (25), (27), and (28), the dimensionless version of the resource manager’s 

problem can then be written  

0 00; | 0, |
0

0 0; | 0, |
( ) ( , ) ,

1
x x x x

h x x x h x x x

p D
V x Max h x

p D
π

≤ ≤ − −

  =  −  
           (30) 

with 0; | 1hp ζ =  and 0, | |x xD Dζ ζ=  when κ>1 because then there is no risk of extinction. Let us 
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first analyze (30) when uncertainty (i.e., σ2) is large. We have: 

 

Proposition 3. When σ2 is large enough, a total harvest is optimal, x*=h*≈2η, and 
2
0

0( )
4
xV x
η

≈ . � 

Proof. When σ2 is large, 2
2 0rKκ
σ

≡ ≈  and 1θ ≈ . As a result, ( )
( )0

0 0
0, |

1, 2,0
1,2,0x x

x xD
x x

ϕ
ϕ

≈ =  and  

( )
( )0

0 0
0; |

1, 2,0
1,2,0x x

x xp
x x

ϕ
ϕ

≈ = , so (30) becomes 
2
0

0
1

2h x

xMax
x h x

η
≤ ≤

   −  −    
. From this expression, we 

see that h=x at the optimum, so x* solves 
2
0

0
1

x

xMax
x x

η
≤

   −  
   

 (which is also Equation (7)). From 

the first order condition, x*≈2η; the rest follows. � 

 

Solving (30) for finite values of σ2 requires numerical methods. From (27) and (28), we 

note that terms in x0 can be factored out of (30), so (30) can be maximized directly. Optimal 

values of h and x, obtained with Mathcad on a personal computer, are presented in Figures 1 to 

4.  

Figure 1 gives an overview of the impact of uncertainty on the optimal biomass at harvest 

(x*) and the amount harvested (h*) for ω=0.2, η=0.1 and for a wide range of values of 
21

2rK
σ

κ
= . 

Solid lines reflect the risk of extinction, when it is present, whereas dotted lines ignore it. First, 

observe that with the possibility of extinction, x* and h* are not monotonic functions of σ2, the 

infinitesimal variance parameter of X. In fact, we can distinguish three regions for x* and h* 

based on the value of κ -1. When 1 (0,1]κ − ∈ , extinction is not possible; x* and h* increase with κ 
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-1, thus increasing the profits of each harvest, although h* initially increases more slowly than x* 

because of the non-linear behavior of 
0|x xD  as a function of σ2. Indeed, while 

2 1|x xT  increases 

with σ2 (and thus with κ-1) for x1 and x2 fixed, 
2 1|x xD  may first sharply and then slowly decrease 

with σ2 for low values of ω (ω∈(0.1,0.3) for the parameters explored); by contrast, for higher 

values of ω  (ω∈(0.7,0.9)), 
2 1|x xD  may first sharply and then slowly increase with σ2. The second 

region ranges from κ-1=1 to ~κ -1=1.6. At κ -1=1, the probability of extinction becomes non-zero 

and starts increasing with κ -1. This changes drastically the behavior of x*: there is a kink at κ -

1=1 and h* starts declining with κ -1. The resource manager waits less (x* decreases) and harvests 

proportionately more of the biomass because delaying harvest increases the risk of extinction 

and leaving more biomass for future harvests increases the magnitude of a potential loss. In the 

third region (κ -1 ≥ ~1.6) the risk of extinction is so high that a total harvest is optimal (the curves 

x* and h* merge): it is not worthwhile leaving biomass for future harvests because it may just 

disappear. Both x* and h* decrease as the probability of extinction increases with κ -1. 

Figures 2 to 4 generalize these findings to a range of values of ω. Figure 2 shows that as 

ω increases, x* shifts downwards because future harvests become less valuable (holding rK 

constant). We also see that the optimal biomass at harvest changes significantly when the risk of 

extinction is introduced. Indeed, x* starts decreasing with σ2 and total harvests become optimal 

(see the diamonds on Figures 1-3). Although larger amounts may be harvested (at least for a 

wide range of values of κ -1; see Figure 3), the present value of expected harvesting rents 

declines as ω increases for κ -1≥0.1 (Figure 4) and it tends asymptotically towards 
2
0

4
x
η

 (≈0.156 



 

 

19 

 

here), as found in Proposition 3. However, the approximation of x* for large values of σ2 given in 

Proposition 3 is not a very good approximation of the value of x* where a total harvest becomes 

optimal; numerical methods are needed to find the latter.  

More importantly, our results show that the risk of extinction causes expected harvesting 

rents to dip, and they suggest that ignoring this risk may be costly, although the practical 

implications of the risk of extinction need to be evaluated empirically. Indeed, suppose that the 

resource manager solves (8) whereas the correct problem is (5) with L=0. Simple calculations 

(not shown) indicate that these losses vary quasi linearly with κ -1 from 0 at κ -1=1 to ~40% of 

the total value of the resource at κ -1=2, for ω ∈ (0.0, 0.7) and η=0.1. By contrast, with no risk of 

extinction, the present value of expected harvesting rents may increase with uncertainty for low 

values of κ -1 and ω. In this case, increases in h* and x* more than compensate for decreases in 

the discount factor. 

Similar results were obtained for different values of η, the dimensionless parameter for 

variable harvesting costs. Our methodology can be easily extended to other specifications of the 

profit function or to endogenous rotation costs in forestry as in Sødal (2002), for example. 
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V.   Conclusions. 

This paper presents a theory of harvesting that explicitly accounts for extinction and includes 

partial and total harvests of biological assets with size-dependent stochastic growth. This 

generalizes the existing literature, where continuous-time analytical results are currently 

available only for one-time harvests or for repeated, total harvests (the forestry case), without 

consideration for the risk of extinction.  

To account for harvest irreversibility and to model uncertainty concisely, we use 

concepts from the theory of real options and cast the decision to harvest as a disinvestment 

problem in continuous time, assuming instantaneous harvests. This allows us to derive a 

generalized version of the Faustmann formula for general growth functions and harvesting cost 

specifications. The availability of better stochastic harvesting rules is a necessary step for 

managing renewable resources in a sustainable way. 

We also apply our methodology to a wide class of stochastic growth functions to 

understand the impact of the specification of stochasticity on the probability of extinction. A 

numerical illustration for the logistic Brownian motion shows the importance of taking the 

probability of resource extinction into account, and we show analytically that total harvests (and 

extinction) become optimal when uncertainty is high enough when there is no existence value. 

Furthermore, we show numerically that the net present value of expected harvesting rents, the 

optimal biomass at which to harvest, and the optimal harvest size are not monotonic functions of 

uncertainty. More generally, this paper illustrates the importance of boundary conditions in 

stochastic problems. 



 

 

21 

 

Appendix I 

Equation Section (Next) 

The derivations below could also be useful for more general investment problems where the 

possibility of investing vanishes when the state variable reaches a boundary (see Saphores 2002).  

 

Expression of
00; |x xp  

Let a, b, and x0 be three real numbers such that 0<a<x0<b. Let us first derive 
0; |a b xp , the 

probability that X first reaches b before a starting from x0. To find 
00; |x xp , we just take the limit 

of 
0; |a b xp  when a goes to 0 and substitute x for b. Karlin and Taylor (1981) show that: 

0
0

; |
( ) ( ) ,
( ) ( )a b x

S x S ap
S b S a

−
=

−
                (I.1) 

where S(.) is the scale function of X, defined by 

1 2

2
2 ( )( ) exp .

( )

x

x x

GS x d d
v

η ξ ξ η
ξ

 − =
  

∫ ∫               (I.2) 

In (I.2), x1>0 and x2>0 are arbitrary integration constants; it is easy to see, however, that 
0; |a b xp  

does not depend on x1 and x2. Also from (I.2), S’(x)≥0 so 
0; |a b xp  is comprised between 0 and 1.  

 

00, |x xD  and other useful functions 

In addition to ( )0, | 0
00, |

x xT
x xD E e ρ−=  and ( )| 0

0|
x xT

x xD E e ρ−= , it may be useful for managerial 

purposes to know ( )0 00, | 0, |x x x xv E T≡ , the expected time it takes X to reach either 0 or x starting 
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from x0, or ( )0 0| |x x x xv E T≡ , when there is no risk of extinction. For 0<a<x0<b, consider 

, | 0

0 0
0

( ) ( ( )) (0) ,
a b xT

W x E f h X d X xτ τ
  
  = =
  
   

∫           (I.3) 

where f(.) is C2, and h(.) is continuous and bounded. Using a Taylor expansion of W(.), the law 

of total probabilities and the Markov property, Karlin and Taylor (1981) show that W(.) solves: 

, |2 2

2
0

( ) ( ) ( )( ) ( ) ' ( ) 0,
2

( ) ( ) (0).

a bT
v d W dWG h E f X d

dd

W a W b f

ξξ ξ ξξ ξ τ τ
ξξ

   
   + + =      
 = =

∫      (I.4) 

If ∀ξ≥0, f(ξ)=ξ and h(ξ)=1, then ( )0 00 , | , |( ) a b x a b xW x v E T= = . Solving (I.4) gives 

[ ] [ ]
0

0 0 0

0

, | ; | ; |2 ( ) ( ) ( ) ( ) ( ) ( ) ,
xb

a b x a b x b a x
x a

v p S b S m d p S S a m dη η η η η η
 
 = − + −
 
 

∫ ∫     (I.5) 

where, by definition, 
0 0; | ; |1b a x a b xp p= − , and m(η) (the “speed density” of X ) is 

2

2 2
1 2 ( )( ) exp .
( ) ( )x

Gm d
v v

η ξη ξ
η ξ

  =  
  
∫              (I.6) 

In (I.6), x2 is the same constant as in S(.) to guarantee that 
0, |a b xv  does not depend on x1 or x2.  

If ∀ξ≥0, f(ξ)=e-ρξ and h(ξ)=1, then ( ), | 0
00 , |( ) a b xT

a b xW x D E e ρ−= =  and (I.4) becomes 

2 ( )( ) ( ) ( ) ( ).
2

v xV x G x V x V xρ ′ ′′= +              (I.7) 

If 0 (.)φ  and 1(.)φ  are two independent solutions of (I.7), 
0, |a b xD  can be written 
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0
0 01 1

, | 0 0 1 0
0 1 0 1 0 1 0 1

( ) ( )( ) ( )
( ) ( ).

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )a b x
a bb aD x x

a b b a a b b a
φ φφ φ

φ φ
φ φ φ φ φ φ φ φ

−−
= +

− −
   (I.8) 

A few examples 

• If ( )dX rX K X dt Xdzσ= − +  (a Logistic Brownian motion process), then 

0

0

1( ) ( )

; |
( ) ( )

,
z x z b

a b x
z a z a

p e d e dκ ξ κ ξξ ξ ξ ξ

−

− −
 
 =
 
 

∫ ∫            (I.9)  

( ) [ ] ( )1 2
0 1( ) , 2 , ( ) ,  ( ) ( ) 1 , 2 2 , ( ) ,z z zθ κφ ζ ϕ θ θ κ ζ φ ζ ζ ϕ θ κ θ κ ζ− −= + = − − − −  (I.10) 

where 2( ) 2z rζ σ ζ−= . κ and θ are defined by (24) and (29). 

• If ( )dX r K X dt dzσ= − +  (an Ornstein-Uhlenbeck process), then 

1 0 12 2

0

1 1

1( ) ( )

; |
( ) ( )

,
z x z b

a b x
z a z a

p e d e dξ ξξ ξ

−
 
 =
 
 

∫ ∫              (I.11) 

2 2
0 1 1 1 1

1 1 3( ) , , ( ) ,  ( ) ( ) , , ( ) ,
2 2 2 2 2

z z z
r r

ρ ρφ ζ ϕ ζ φ ζ ζ ϕ ζ   = = +   
   

      (I.12) 

with 1
1( ) ( )z r Kζ σ ζ−= − . 

• Finally, if ( ( ) ( ))dX rX Ln K Ln X dt Xdzσ= − +  (a Gompertz Brownian motion process), 

(I.11) and (I.12) still apply provided ( )1 2 1
1( ) ( ) (2 )z r Ln Ln K rζ σ ζ σ− − = − +  . 

ϕ(.) is the confluent hypergeometric function of the first kind: given three real numbers 

α, β>0, and z, 
0

( )( , , )
( ) !

n
n

nn

zz
n

αϕ α β
β

+∞

−
≡ ∑ , where (ζ)n=ζ (ζ+1)…(ζ +n-1). 

When an analytical solution is impossible, numerical methods, based for example on 

Chebychev polynomials, may be used to compute W(.) in (I.4).  



 

 

24 

 

Appendix II 

 

Proof of Proposition 1. Let a, b, and x0 such that 0<a<x0<b. Let us find a finite bound for S(a) 

or show that 
0

lim ( )
a

S a
+→

= +∞ . Let 
2

2 2 1
2 ( )( ) exp

x gs dβ
η

ξη ξ
σ ξ −

 
 ≡
  

∫ , so 
1

( ) ( )
x

x

S x s dη η= ∫ . 
0

lim ( )
x

S x
→ +

 

is finite if and only if s(.) is integrable on [0,x1], x1>0. Now consider different values of β. 

• Case 1: [0,1)β ∈ . Here 
0

lim ( )s
η

η
→ +

< +∞  by Assumptions III.1 and III.2 (the latter is useful 

when β is close to 1 and 
0

lim ( )
x

g x
+→

= +∞ ), so 
0

lim ( ) (0)
a

S a S
→ +

=  is finite; (17) follows. 

• Case 2: 1β =  and 2 (0)gσ > . By construction, 2(0) 0.5g σ< , so since g(.) is continuous 

(Assumption III.1), there exists x2 and 20.5B σ<  such that B  is an upper bound for g(.) on  

[0,x2]. Then, for η∈[0,x2], 
2 2

2

2
2

2( ) exp ( )

B
x Bs d s

x
σ

η

ηη ξ η
ξσ

−    ≤ = ≡ 
    

∫ . Here 2
2 1B
σ

− > − , so 

( )s η  is integrable on [0,x2]. As a result, 
0

lim ( ) (0)
a

S a S
→ +

=  is finite and (17) follows. 

• Case 3: 1β =  and 0 2 (0)gσ< < .  Similar proof as for Case 4 below. 

• Case 4: 1β > . From Assumption III.1, there exist L>0 and x2>0 such that L is a lower bound 

to g(.) on [0,x2]. Then, 
2 2 2 2 2

2
2 2 1 2

2 2( ) exp exp ( )
2 2

x xL Ls d s
β β

β
η

η
η ξ η

βσ ξ σ

− −

−

   − ≥ = ≡ 
−     

∫  for any 

η∈[0,x2].  Since 2-2β<0, a change of variable shows that ( )s η  is not integrable on [0,x2], so 

neither is s(η). Hence, 
0

lim ( )
a

S a
→ +

= −∞  and 
0; |

0
lim 1a b x

a
p

→ +
= . � 
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Before proving Proposition 2, a lemma is needed. 

Lemma 1. If [0,0.5) (1, )β ∈ ∪ +∞  or if 1β =  and 2 (0)gσ < , then 
0

0, ( )
x

x m dη η∀ > < +∞∫ . 

Conversely, if [0.5,1)β ∈  or if 1β =  and 2 (0)gσ > , then 
0

0, lim ( )
x

a
a

x m dη η
→ +

∀ > = +∞∫ . Here, 

2 2 1( ) [ ( )]m sβη σ η η −≡  is the speed density of X (also see (22)). Let 2 2( )m βη σ η− −≡ . 

Proof. For simplicity, let x2=K. Let x>0. Now consider each case in turn. 

• Case 1: [0,0.5)β ∈ . As 2 [0,1)β ∈ , m(.) is integrable on [0,K]. 

• Case 2: [0.5,1)β ∈ . As 2 1β > , (.)m  is not integrable on [0,K], so 
0

lim ( )
x

a
a

m dη η
→ +

= +∞∫ . 

• Case 3: 1β =  and 2 (0)gσ > . Here 2(0) 0.5g σ< , so by continuity of g(.) (Assumption 

III.1), there exists C>0 such that if g  is the maximum of g(.) on [0,C], 20.5g σ< . Then, 

2
2

2
2 2

2 2
2 ( )(0, ),  ( ) exp ( )

g
gK

C

C gC m d m
σ

σξη η ξ η η
σ σ ξ

−
− − ∀ ∈ ≥ ≡ 

  
∫ . As 2

2 2 1g
σ

− < − , m(.) is again 

not integrable on [0,K]. 

• Case 4: 1β =  and 2 (0)gσ < . Here 2(0) 0.5g σ>  so by continuity of g(.) (Assumption 

III.1), there exists C>0 such that 2min{ ( ), [0, ]} 0.5g C gξ ξ σ∈ ≡ > . Then, for η∈(0,C), 

2
2

2
2

2

2 2
2 ( )( ) exp ( )

g
gK

C

C gm d m
σ

σξη ξ η η
σ σ ξ

−

− − ≤ ≡ 
  
∫ . As 2

2
2 1

g

σ
− > − , 

0

( )
x

m dη η < +∞∫ . 

• Case 5: 1β > . Similar proof as for Case 4 with 0g > .  � 
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Proof of Proposition 2. To simplify our derivations, let again x2=K.  

• Case 1: [0,0.5)β ∈ . Let 0 (0, )x b∈ . Take a→0+ in (I.5) using Proposition 1 and Lemma 1 to 

get [ ] [ ]
0

0 0 0

0

0, | 0; | ;0|
0

2 ( ) ( ) ( ) ( ) (0) ( )
xb

b x b x b x
x

v p S b S m d p S S m dη η η η η η
 
 = − + − < +∞
 
 

∫ ∫ . Then 

introduce the denominator of 
0

0
0; |

( ) (0)
( ) (0)b x

S x Sp
S b S

−
=

−
 in the first integral of 

00, |b xv  and take 

b→+∞ to get [ ]
0

0( ) (0) ( )
x

S x S m dη η
+∞

− < +∞∫  ( lim ( )
b

S b
→+∞

= +∞  from Assumption III.1); the 

second part of 
00, |b xv  goes to [ ]

0

0

( ) (0) ( )
x

S S m dη η η−∫  as 
0;0|lim 1b x

b
p

→+∞
= . This gives (19). 

• Case 2: [0.5,1)β ∈  or 1β =  and 2 (0)gσ > . From Proposition 1, S(.) is bounded on [0,K] 

but from Lemma 1, m(.) is not integrable on [0,K]. Taking a→0+ in (I.5) gives (20). 

• Case 3: 1β >  or 1β =  and 0 2 (0)gσ< < . Only the second integral on the right side of 

(I.5) depends on a. From Proposition 1, 
0

lim ( )
a

S a
→ +

= −∞  and 
00; | 1x xp =  for 0<x0≤x; so 

inserting the denominator of 
0

0
; |

( ) ( )
( ) ( )b a x

S b S xp
S b S a

−
=

−
 into the second integral of (I.5), taking 

a→0+ and using Lemma 1 gives 
0

0

0
0

2 [ ( ) ( )] ( ) [ ( ) ( )] ( )
xb

x

S b S m d S b S x m dη η η η η
 
 − + − < +∞
 
 
∫ ∫ . 

Moreover, 
00; | 1b xp =  implies that 0 is never reached before b, so 

0 00, | |b x b xv v= , which proves 

(21). � 
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Figure 1: Optimal harvesting rule versus κ -1, for ω=0.2 and η=0.1. 

 

Notes: 
rK
ρω ≡  compares the social discount rate ρ to biomass growth at the environmental 

carrying capacity K. vc
qpK

η ≡  represents normalized variable harvesting costs. 
2

1

2rK
σκ − =  

compares the infinitesimal variance parameter of X with biomass growth at K.  x* is the optimal 

biomass at harvest and h* is the optimal amount of biomass harvested. The dotted lines show the 

optimal dimensionless harvesting rule when there is no risk of extinction. The diamond indicates 

where the optimal harvest becomes total. 
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Figure 2: Optimal biomass at harvest versus κ -1, for η=0.1. 

 

Notes: 
rK
ρω ≡  compares the social discount rate ρ to biomass growth at the environmental 

carrying capacity K. vc
qpK

η ≡  represents normalized variable harvesting costs. 
2

1

2rK
σκ − =  

compares the infinitesimal variance parameter of X with biomass growth at K. The dotted lines 

show the optimal biomass at harvest when there is no risk of extinction. The diamonds indicate 

where the optimal harvest becomes total. 
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Figure 3: Optimal biomass harvested versus κ -1, for η=0.1. 

 

Notes: 
rK
ρω ≡  compares the social discount rate ρ to biomass growth at the environmental 

carrying capacity K. vc
qpK

η ≡  represents normalized variable harvesting costs. 
2

1

2rK
σκ − =  

compares the infinitesimal variance parameter of X with biomass growth at K. The dotted lines 

show the optimal harvest size when there is no risk of extinction. The diamonds indicate where 

the optimal harvest becomes total. 
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Figure 4: Optimal net present value of expected rents versus κ -1, for η=0.1. 

 

Notes: 
rK
ρω ≡  compares the social discount rate ρ to biomass growth at the environmental 

carrying capacity K. vc
qpK

η ≡  represents normalized variable harvesting costs. 
2

1

2rK
σκ − =  

compares the infinitesimal variance parameter of X with biomass growth at K. The optimal net 

present value of expected harvesting rents, 0( )V x , is calculated at x0=0.25. 

 

0.0

0.5

1.0

1.5

2.0

0.0 0.5 1.0 1.5 2.0

κ -1=σ 2 /(2rK)

ω =0.4

ω =0.7

ω =0.2

ω =0.1



 

 

32 

 

 

                                                 

1 As emphasized by Clarke and Reed (1989) and Reed and Clarke (1990), it is useful to 

distinguish between two classes of harvesting models. The first one assumes that growth is 

density-dependent so the decision to harvest depends on biomass size. It is typically more 

suitable for wilder resources, such as undisturbed forests, wildlife, and natural fish or shellfish 

populations. The second class of models applies to resources with age-dependent growth, so 

their harvest takes place at fixed time intervals, because of the more limited impact of 

environmental factors. This situation usually applies to husbanded biological assets, such as 

livestock or cultivated trees. 

2 Reed and Clarke (1990) assume that the resource biomass follows the process 

( )dX Xf X dt Xdzσ= + , where f(.) is decreasing with f(0)>0, σ>0, and dz is an increment of a 

standard Wiener process (Dixit and Pindyck). 

3 In this paper, K0, the minimum stock of biomass for which the probability of long-term survival 

is >0, is assumed to be zero for simplicity. Derivations are easily modified to allow for K0>0. 

4 Throughout this paper, X refers to the random variable and x to one of its realizations. 

5 In this framework, it is optimal to harvest immediately and to bring the biomass down to x*-h* 

if x0>x*. 

6 Sødal (2002) and Willassen (1999) conduct their analyses in terms of the value of the biomass 

of the resource considered. It is straightforward to adapt the derivations of this paper to that case. 

7 This assumption allows the inclusion of models such as dx=rx[Ln(K)-ln(x)]dt+σxβdz, based on 

Gompertz’s law (dx=rx[Ln(K)-ln(x)]dt). 

8 See the end of Appendix I for a definition. 




